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Abstract
Numerical methods such as boundary element and finite element methods are widely used for the stress
analysis in solid mechanics. This study presents boundary element method based on the displacement
discontinuity formulation to solve general problems of interaction between hydraulic fracturing and
discontinuities. The crack tip element and a higher order boundary displacement collocation technique are
used to study the hydraulic fracture propagation and its interaction with the pre-existing cracks and
discontinuities in an elastic rock mass. The maximum tangential stress criterion (or -criterion) and the strain
energy density criterion (SED) are used to obtain the fracture path and the results of both criteria are
compared with each other. The comparison of numerical method with the results brought in the literature
shows a good performance of the method in the case of interacting cracks.
Keywords: Hydraulic fracturing; displacement discontinuity method; displacement collocation technique;
rock fracture mechanics; crack interaction; fracture propagation criteria.
1. Introduction
Hydraulic fracturing has been used in the
petroleum industry as a stimulation technique to
enhance oil and gas recovery in low permeability
reservoirs and for estimating in situ stresses [1].
One of the important features needed in fracture
design is the ability to predict the geometry and
the characteristics of hydraulically induced
fracture.
Because of the presence of discontinuities in the
rock mass, a better understanding of how an
induced fracture interacts with a discontinuity is
fundamental for predicting the ultimate size and
shape of the hydraulic fractures formed by a
treatment.
Theoretical
and
experimental
investigations of fracture initiation, propagation,
and interaction with pre-existing geological
discontinuities based on fracture mechanics theory

began during the 1960s and work continues on
this topic.
In general, three approaches can be used to
analyze the mechanics of crack problems: (1)
Continuum damage mechanics [2,3]; (2)
stochastic damage mechanics [4]; and (3) Fracture
mechanics simulation using numerical methods
such as boundary element methods [5,6,7].
Boundary element method (BEM) is one of the
powerful numerical methods and has been
extensively used in fracture mechanics [8,9]. In
terms of computational resources, BEM is more
efficient than other methods, including FEM, for
crack problems where surface/volume ratio is
small and stress changes rapidly. The database for
a boundary element method analysis is much
smaller than that of a finite element method
analysis because only the boundaries of the
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structure, including the crack faces, need to be
discretized. Displacement discontinuity method
(DDM) is an indirect boundary element method,
which has been used for the analysis of crack
problems related to rock fracture mechanics. It
should be noted that DDM does not have the remeshing problem. Examples can be found in
Olson and Pollard (1988, 1989, and 1991), Chan
et al. (1990), Pollard et al. (1990), Zeller and
Pollard (1992), Shen and Stephansson (1994),
Scavia (1995), Marji M. F. (1997), among many
others[10-15, 5,16, and 17].
Recently the higher order variations of the
displacement discontinuities with special crack tip
elements are usually used for the treatment of
crack problems [16, 18-22].
Some numerical codes simulate the effect of preexisting fractures explicitly, and some of them are
designed to model the fracture initiation and
propagation of individual cracks with DDM.
FROCK is a two-dimensional Hybridized Indirect
Boundary Element Method that uses the constant
and linear element to model the brittle behavior of
materials with multiple flaws in a finite or infinite
medium [13,23]. The recent fracture codes like
FRACOD (The two-dimensional boundary
element code with constant element) based on Fcriterion has been used to model the fracture
propagation and interaction of randomly
distributed fractures in rock [5, 24].
Dong and de Pater (2001) investigated the effect
of fault on crack reorientation by DDM [7]. They
used the higher order element and crack tip
element with maximum tangential stress criterion
to model the hydraulic fracture propagation near
the interface.
Based on liner elastic fracture mechanics, three
fundamental fracture criteria, i.e, the maximum

concept. When the minimum strain energy density
attains a critical value of the material, the crack
initiation takes place. S-criterion considers the
complete energy field both local and global,
which varies from point to point in materials.
Using this criterion the location of crack initiation,
the crack path, and the point of final termination
can be determinated. Experimental results on
Indiana limestone and Westerly granite [31]
showed that the S-criterion is the most accurate of
the three theories used for comparison.
In the present work, for estimation of the crack
path direction, the S-criterion is implemented
numerically to handle the fracture propagation
mechanism in rock type material considering the
finite and infinite bodies and it is used to study
interaction of the pressurized fracture with
discontinuities. The results are compared with the
results of mixed mode -criterion. A general
higher order displacement discontinuity method
(quadratic element) implementing crack tip
element for each crack end is used to show how
the crack tip interaction affects on the behavior,
geometry of the fractures, crack opening
displacement (COD) and stress intensity factors
(SIF).
All simulations are two-dimensional, plane strain,
and assume linear-elastic, homogenous materials.
Some example problems are solved and the
computed results are compared with the results
given in the literature.
2. Higher Order Displacement Discontinuity
Method
A displacement discontinuity element with length
of 2a along the x-axis is shown in figure 1 (a),
which is characterized by a general displacement
discontinuity distribution of u. By taking the ux
and uy components of the general displacement
discontinuity u to be constant and equal to Dx
and Dy respectively, in the interval (-a, +a) as
shown in Figure 1 (b), two displacement
discontinuity
element
surfaces
can
be
distinguished, one on the positive side of y (y=0+)
and another one on the negative side (y= 0-). The
displacements undergo a constant change in value
when passing from one side of the displacement
discontinuity element to the other side. Therefore,
the constant element displacement discontinuities
Dx and Dy can be written as:

tangential stress criterion (MTS or
-criterion)
[25], the maximum strain energy release rate
criterion (or G-criterion) [26], and the minimum
strain energy density criterion (SED or Scriterion) [27] have been mostly used to study the
fracture behavior of brittle materials [28,29,30].
All of these criteria have demonstrated that a
crack in a plate under a general in-plane load does
not initiate and propagate in its original plane, but
rather crack initiation takes place at an angle with
respect to the crack plane.
Among these three fracture criteria, the S-criterion
is the most difficult to understand and to use. It is
based on the minimum strain energy density

Dx  ux ( x,0 )  ux ( x,0 ), Dy  u y ( x,0 )  u y ( x,0 )

2

(1)

Behnia et al./ Journal of Mining & Environment, Vol.2, No.1, 2011

y

y

uˆ ( )
Dy

x

x
-a

 a    a
(a)

Dx

+a

2a
(b)

Figure1. (a) Displacement discontinuity element and the distribution of u, ( b) Constant element displacement discontinuity

The positive sign convention of Dx and Dy is
shown in Figure 1 (b) and demonstrates that when
the two surfaces of the displacement discontinuity
overlap Dy is positive, which leads to a physically
impossible situation. This conceptual difficulty is
overcome by considering that the element has a
finite thickness, in its undeformed state which is
small compared to its length, but larger than Dy
[32, 33].

and the stresses are:
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in which, the common function Fj, is defined as:

. A quadratic element has 3 nodes,
which are at the centers of its three sub-elements.
The displacements and stresses for a line crack in
an infinite body along the x-axis, in terms of
single harmonic functions g(x,y) and f(x,y), are
given by Crouch and Starfield (1983) [33] as:

,x



f ( x, y ) 

a1  a2  a3

 (1  2 ) g

(5)

2   yg , xyy
 is shear modulus and, f, , g, , f , g, , etc. are
x
x
,y
y
the partial derivatives of the single harmonic
functions f(x,y) and g(x,y) with respect to x and y,
in which these potential functions for the
quadratic element case can be found from:

are the quadratic collocation shape functions using
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Where, Di1, Di2, and Di3 are the quadratic nodal
displacement discontinuities, and
2



 yy  2   yf , xyy  

2.1. Quadratic Element Formulation
The quadratic element displacement discontinuity
is based on analytical integration of quadratic
collocation shape functions over collinear,
straight-line displacement discontinuity elements
[18]. Figure 2 shows the quadratic displacement
discontinuity distribution, which can be written in
a general form as
(2)
Di ( )  N1 ( ) Di1  N 2 ( ) Di2  N 3 ( ) Di3

N1 ( )   (  2a1 ) / 8a1



2  g , yy  yg , yyy



(4)
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 ax

3

r1
r2

(8-b)

Behnia et al./ Journal of Mining & Environment, Vol.2, No.1, 2011

1



 2  2
KI 

 D y (a),
4(1   )  a 

y

1



Di2

Di1

Element

Di3

1

2

3

2a1

2a2

2a3

ε

Analytical solutions to crack problems for various
loading conditions show that the stresses at the
distance r from the crack tip always vary as
if r is small. Due to the singularity variations 1/r
and r for the stresses and displacements at the
vicinity of the crack tip the accuracy of the
displacement discontinuity method decreases, and
usually a special treatment of the crack at the tip is
necessary to increase the accuracy and make the
method more efficient. A special crack tip element
which already has been introduced in literature
(e.g. [18]) is used here, to represent the singularity
feature of the crack tip. Using the special crack tip
element of length 2a, as shown in figure 3, the
parabolic displacement discontinuity variations
along this element are given as:
1
(10)
Di ( )  Di (a) / a 2 ,
i  x, y
Where,  is the distance from crack tip and Dy(a)
and Dx(a) are the opening (normal) and sliding
(shear) displacement discontinuities at the center
of special crack tip element.

Figure 2. Quadratic collocations for the higher order
displacement discontinuity elements
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The terms 1, 2, r1 and r2 in this equation are
defined as:
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y
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3. Stress Intensity Factor and Crack Tip
Element
The stress intensity factor is an important concept
in fracture mechanics. Considering a body of
arbitrary shape with a crack of arbitrary size,
subjected to arbitrary tensile and shear loadings
(i.e. the mixed mode loading I and II), the stresses
and displacements near the crack tip are given in
general text books [30, 34], but as we use the
displacement discontinuity method here we need

KI

Figure 3. Displacement correlation technique for the
special crack tip element

Substituting equation (10) into equations (4) and
(5), the displacement and stresses can be

K II

the formulations given for the SIF (
and
)
in terms of the normal and shear displacement
discontinuities [18, 30].
Based on LEFM theory, the Mode I and Mode II
stress intensity factors KI and KII can be written in
terms of the normal and shear displacement
discontinuities as [18]:

expressed in terms of

Di (a)

.

f (x , y )
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and C
for the crack tip element can be expressed as:
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These functions have a common integral of the
following form:
1
2

2a

1

I C    ln (x   ) 2  y 2  2 d 

where
S  a11K I2  2a12 K I K II  a22K II2
1
1  cos   K  cos  
16G
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a12 
 2 cos   (K  1)
16G
1
 K  1 (1  cos  )  (1  cos  )(3cos   1) 
a22 
16G 
a11 

(12)

0

4. Fracture propagation criterion
In LEFM conditions, crack propagation modeling
requires knowledge of two types of parameters:
the stress intensity factors, determined analytically
and a function of geometry, load, and the
appropriate fracture toughness, a material state
property, determined experimentally [35].
The mixed mode of stress intensity factors (i.e.
Mode I and Mode II fractures, which are the most
commonly fracture modes occur in rock fracture
mechanics) are numerically computed. Several
mixed mode fracture criteria have been used in
literature to investigate the crack initiation
direction and its path [5, 30, and 36]. As most of
rocks have brittle behavior under tension, the
mode I fracture toughness KIC (under plain strain
condition) with the maximum tangential stress

S ( )

0
and the crack extension occurs when
S
reaches a critical value, C . S ( ) is evaluated

r r

K I K II plane is obtained from
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 0 is predicted (based on LEFM principles and -

Criterion i.e. equations (13) and (14) or Scriterion i.e. equation (16)).
Then the original crack is extended by an amount

2

(14)

b that has equal length with crack tip element.

The latter value corresponding to the crack tip
should satisfy the condition:
(15)
K I sin  0  K II (3 cos  0  1)  0

This element will be perpendicular to the
maximum tangential stress near the crack tip for
-criterion or will be perpendicular to the
minimum stain energy density in the point ahead

of the crack tip. So a new crack length ( b  b )
is obtained and again the equations (13) and (14)

Another criterion is the minimum strain energy
density (the S-criterion) formulated by Sih(1974)
that the parameter which governs cracking is the
strain energy density near the crack tip [27].
Crack extension occurs in the direction along
which dU/dV(strain energy) posseses a minimum

for -criterion or equation (16) for S-criterion are
used to predict the new conditions of crack
propagation for this new crack. This procedure is
repeated until the crack stops its propagation or
the material breaks away. This procedure can give
a propagation path for a given crack under a
certain loading condition.



value, 0 such that,
S
 2S
 0,
0

 2

(17)

then compared the results with - criterion.
A fracture propagation model completes when,
the fracture increment length of a crack can be
predicted. This can be done in two ways: (i) by
predicting fracture increment length for a given
loading condition and (ii) by predicting the load
change required to extend a crack for a given
length [35].
For a given crack length of 2b, under a certain
loading condition, the crack propagation angle

 0 is the crack propagation angle follows


1 K
0  2 arctan   I
 4  K II


2

K I K II
K
8G   K I 
a11 
 a22 ( II ) 2 
  2a12
(K  1)   K IC 
K IC
K IC 



Experimental results on Indiana limestone and
Westerly granite showed that the S-criterion is the
most accurate of the three theories used for
comparison (figure 4) [31]. Therefore, we used
the S-criterion to model the fracture propagation
of hydraulic fractures near the discontinuities and

fracture criterion ( -criterion) introduced by
Erdogan and Sih mostly are used to predict the
crack propagation direction [25].
This is a widely used mixed mode facture
mechanics criterion and well fitted with some
experimental results [28, 37, 38, and 30].
Based on this criterion, the crack tip will start to
propagate when:

cos

r

0 where
0 is a material
along a contour
constant. A fracture initiation locus in the

(16)
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Figure 4. Results from mixed-mode fracture initiation tests for Indiana limestone. From Ingraffea (1981)

5. Verification of higher order displacement
discontinuity
Verification of this method (TDDQCR) was made
through the solution of several example problems
i.e. a pressurized crack in an infinite body, an
inclined crack in an infinite body and a circular
arc crack under biaxial tension in infinite bodies
[20]. In this study, the verification is continued by
the two equal cracks under tension in infinite
medium, two cracks emanating from Circular
hole, and Oriented pressurized crack under
compressive far field stresses. These examples are
used here because they have analytical solutions
or have been solved numerically by other
researches, so the computed numerical results can
be compared and the validity of the programs can
be confirmed. Therefore, the accuracy of the
method is demonstrated by example problems
because the results are in good agreement with the
analytical solutions.

Figure 5. Two equal inclined cracks

With varying the angle , the crack propagation
angle changes in different distances. The results
show when the distance between the centers of
two cracks is 3a, the fracture propagation angles
have positive values, but in another condition, the
fracture propagation angles first have negative
angles and then change to positive values (Figure
6). Comparison of the two conditions shows that
the decreasing of distance between two cracks
causes the influence on the fracture propagation
angles. The results from the numerical method

5.1. Interaction between two equal cracks
Interaction of two equal cracks in infinite body is
investigated (Figure 5). The crack AB is
horizontal and perpendicular to the direction of
applied tension stress, and crack CD has different
inclinations with horizontal axis. Interaction is
considered in two categories that the centers of the
cracks have 3a and 2a distance from each other
(Figure 5). Materials parameters are taken as

with -criterion are compared with some results
of Gdoutos.1984 (Figure 6). Although there are
some discrepancies between present results and
Gdoutos, 1984 [39] (5% error in some angles), the
changing trends of the propagation angles are
similar to each other.

E=10000 MPa,
. Applied stress is 10 MPa
and half crack length (a) is 1 m.
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5.2. Circular hole with two symmetrical cracks
In this study the problem of two equal cracks,
emanating from a circular hole in an infinite sheet

The following assumptions are made to solve this

subjected to a remote tensile stress
was
considered (Figure 7). If a small crack is present,
its behavior is governed by the loading and the
ratio between the magnitudes of ligament and hole
diameter.
In order to show the benefit of both higher order
elements and special crack tip elements explained
above, this example problem is solved
numerically by the higher order displacement
discontinuity
method
using
quadratic
displacement discontinuity elements.

elasticity E = 10 GPa; Poisson's ratio = 0.2; and
Mode I fracture toughness KIC = 2 MPa m1/2 (for
a typical hard rock under plane strain condition).
The ratio of crack tip element length l to the crack
length is 0.25. The comparison between numerical
method and the analytical value of the normalized

problem numerically: the far field stress = 10
MPa; the hole radius R = 0.1 m; modulus of

stress intensity factor (
at different
ratio (a/r) obtained from the solutions (Sih, 1973)
[40] is presented in the table 1. The numerical
results show that general error in most cases is
less than about 1%.

Figure 6. Distribution of fracture propagation angle (
related to crack inclinations for different distances between
centers of cracks

r

a

a

Figure 7. Circular hole with two symmetrical cracks

7

Behnia et al./ Journal of Mining & Environment, Vol.2, No.1, 2011

The crack in infinite body with half length of
a=0.02, and inclination of 90-degree with respect
to the X-axis is studied. The physical properties

5.3. Oriented pressurized crack under
compressive far field stresses
For verification of numerical method in
compressive biaxial loading, the pressurized crack

are E=20 GPa,
and the crack toughness of
0.6 MPa m0.5. The maximum and minimum
compressive horizontal stresses are 19.4 and 9.7

that is oriented at an arbitrarily angle
with
respect to the direction of the maximum principal
stress,
is studied (Figure 8). For such loaded
crack, both the mode I and II stress intensity
factors exist at the crack tips, which have been
given by (Rice, 1968) [41] as follows:

MPa respectively that

lies in X direction and

is in Y direction.
Figure 10 illustrates the hydraulic fracturing paths
for three different pressures inside the crack. The
results for both criteria were compared with each
other and with Dong, 2001 results. The results

(18)

show that the S-criterion and -criterion are
different from each other. These differences are
related to the deviate of fracture with large angle
and large value of KII near the fracture tip.
It can be found that the low fluid pressure causes
the reorientation of fracture to happen sooner;
otherwise, the crack tends to propagate in its plane
with increasing the fluid pressure. As equation
(18) shows, under the same conditions, increasing
the fluid pressure increases KI, but KII is
independent of fluid pressure. Then the hydrofracture tends to propagates in direction near its
plane orientation (mode I) by increasing the
pressure. These results have good agreement with
previous works, i.e. Cornet (1982) [42] that
mentioned increasingly large internal pressure
will lead to effects of compressive stresses on the
crack tip stress field becoming less and less
significant so that the fracture reorientation is less
marked.

Where a is the half crack length and P is the
internal pressure.
The boundary conditions and geometry for
numerical solution are the maximum horizontal
stress =7 MPa, the minimum horizontal stress =2
MP, pressure inside the fracture P=10 MPa, and
the half of crack length a=1m. Properties of
material are modulus of elasticity E =10 GPa,
Poisson's ratio = 0.2, and Mode I fracture
toughness KIC = 2 MPa m1/2. The ratio of crack
tip element length l to the half of the crack length
a is 0.05. Figure 9 shows good agreement between
the numerical results and analytical results (the
error less than 0.05%) for both of stress intensity
factors KI and kII.
6. Crack reorientation
To show the effect of fluid pressure and horizontal
stresses on hydraulic fracturing propagation and
reorientation of its path with maximum tangential
stress criterion and minimum strain energy density
criterion, some problems are solved in relation to
pressurized crack in infinite body.

Figure 8. Arbitrarily oriented crack under far field stresses and internal pressure
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Table.1. the normalized stress intensity factors

) for a hole with two emanating radial cracks at

different ratio (a/r)
) (numerical)
0.2
0.4
0.6
0.8
1.0
1.5
2.0

(Sih,1973)

2.36
1.95
1.72
1.58
1.47
1.31
1.22

0.25
0.25
0.25
0.25
0.25
0.25
0.25

2.41
1.96
1.71
1.58
1.45
1.29
1.21

Mode I and II Stress Intensity Factors for Pressurized Crack Under Biaxial Loading

Stress Intensity Factor (MPa m.5)

15

Analytical (KI)
Numerical (KI)
Analytical (KII)
Numerical (KII)
10

5

0

0
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90

Inclination Angle (degree)

K

K

II for the inclined pressurized crack at
Figure 9. Analytical and numerical values of the stress intensity factors, I and
different orientation from the maximum horizontal stress (X-axis)

Hydraulic fracture reorienting paths for different fluid pressures
0.2
0.15

Sh=9.7 MPa

0.1
SH=19.4 MPa

Y(m)

0.05
0
P=24.3 MPa,Dong 2001
P=24.3 MPa, MTS

-0.05

P=24.3 MPa, SED
P=29.1 MPa, Dong 2001

-0.1

P=29.1 MPa, SED
P=29.1 MPa, MTS
P=38.8 MPa, Dong 2001

-0.15

P=38.8 MPa, MTS
P=38.8 MPa, SED

-0.2

-0.1

-0.05

0

0.05

0.1

0.15

X(m)

Figure 10. Hydraulic fracture reorientation paths for different fluid pressures. The maximum horizontal stress (X-axis) and
minimum horizontal stress (Y-axis) are 19.4 and 9.7 MPa respectively
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Figure 11 shows the hydraulic fracture
reorientation for three different horizontal stress
sets (9.7-9.7, 9.7-19.4, 9.7-22.6 MPa). The
maximum horizontal stresses are applied in Xaxis, the minimum horizontal stresses are applied
in Y-direction, and the pressure inside the crack is

29.1 MPa. The results show that in different
compositions of horizontal stresses the paths of
hydraulic fracture are different. It can be found
that in high horizontal stresses, the fracture
reorients sooner, and decreasing horizontal
stresses the reorientation occurred later.

Hydraulic fracture reorienting paths for different horizontal stresses
0.2
0.15

Sh=9.7 MPa

0.1
SH

Y(m)

0.05

P=29.1 MPa

0
SH=9.7 MPa, Dong 2001
SH=9.7 MPa, MTS
SH=9.7 MPa, SED
SH=19.4 MPa, Dong 2001
SH=19.4 MPa, MTS
SH=19.4 MPa, SED
SH=22.6 MPa, Dong 2001
SH=22.6 MPa, MTS
SH=22.6 MPa, SED

-0.05
-0.1
-0.15
-0.2

-0.1

-0.05

0
X(m)

0.05

0.1

0.15

Figure 11. Hydraulic fracture reorientation paths for different horizontal stresses. The fluid pressure inside the fracture is
29.1 MPa

These results from both criteria were compared
with Dong, 2001 results. They have agreement
with equation (18) too, because by increasing the
horizontal stresses, KII will increase and the
fracture deviates and tends to propagate in
direction far from its plane orientation.
Figure 11 also shows for each stress difference the
crack path rotates towards the direction of the
maximum horizontal stress. Therefore, the crack
tip tends to be under mode I loading and the mode
II crack tip stress intensity factor tends to
approach zero and the mode I crack tip stress
intensity will increase. This result has agreement
with previous works (Ching, 1997) [43].

examples, a tensile mean stress (positive value) is
concentrated between the crack tip and end of
discontinuity causes the rocks fail by cracking.
Due to stress concentration on the crack tips,
crack starts to initiate from crack tips, which end
up with crack interaction. Decreasing the distance
between the crack and discontinuity increases the
interaction effect and consequently interaction
stresses. Therefore, stress concentration on the
crack tip for the distance of 3a is smaller than that
of the distance of 2a. In the general form, the path
of fracture will be changed with alteration in
distance and inclination of discontinuity.
For this reason, crack propagation path for
different inclination angles of inclined
discontinuity in two distances is studied with

7. Crack interaction
7.1. Crack interaction with discontinuity under
far field tensile stresses
For better understanding of how a crack interacts
with a discontinuity in body, the field stresses
around the crack α, and discontinuity β are
studied. The geometry like the example presented
in part 5.1 is considered to find the path of
fracture propagation and reorientation from the
crack to the inclined discontinuity. Figures 12 and
13 show the stress distribution of stress (average

MTS ( - criterion) and SED (S-criterion) criteria.
Figure 13 shows the paths of crack for distance
3a. The results show that the crack propagation
path for 90-degree inclined discontinuity is in
straight line, but for 15-degree inclination the
crack reorients and then interacts with
discontinuity at right angle. Figure 14 shows the
fracture propagation path deviates earlier with
decreasing inclination angle of crack α. In
addition, the angle of interaction reduces with
crack α angle of inclination decreasing.

of
and
) around crack α and discontinuity β
with distance of 3a and 2a respectively. In these
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Figure 15 shows the paths of crack for distance
2a. the results show that the path for 90 degree
inclined discontinuity is in straight form too, and
with decreasing angle of discontinuity, the
fracture propagation path deviates earlier. It is
mentioned that all of crack propagation paths
deviate earlier than distance 3a. These results have
agreement with the results from tensional zones
that show in the Figures 12 and 13. We can show

to the - criterion. The comparison of paths of
cracks with distances 2a and 3a from discontinuity
at a 15-degree angle is shown in figure 16 and the
mean stress around the two equal cracks with
distance 3a is presented in the figure 17.
7.2. Hydraulic fracturing and discontinuity
with different inclination
A better understanding of how an induced fracture
interacts with a discontinuity is fundamental for
predicting the ultimate size and shape of the
hydraulic fractures formed by a treatment. In this
example, the effect of discontinuity on the path of
hydraulic fracture is studied.

that the results of -criterion is close to S-criterion
for both distances 2a and 3a. This is related to
brittle failure of rock ( =0.2) and large value of
KI. In hydraulic fracture propagation, the pressure
inside the fracture makes the value of KI be
greater than the KII and then related to the figure
4 the propagation angle from S- criterion is closed

Mean stress around two equal cracks
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Figure 12.Mean stress around two equal cracks with ratio c/a=1.5. The inclination angle is 30 degree
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Figure 13. Mean stress around two equal cracks with ratio c/a=1.0. The inclination angle is 30 degree
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Crack propagation paths for different inclinations angles
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Figure 14. crack propagation path for different inclination angles of discontinuity with ratio c/a=1.5

fracture deviates towards the discontinuity and
then propagates in its direction, but finally level of
propagation will change and have a jump. This
change in level of hydraulic fracture path is
greater for discontinuity that is farther than the
other discontinuity.
In the second example (Figure 20), the distance
between the discontinuity and fracture is changed
in Y direction and the distances in X direction will
be constant. Results show with increasing the
distance in Y direction the influence of
discontinuity on propagation path will be less and
fracture tend to propagate near its plane, but for
the smallest spacing the mechanical interaction
between the fracture and discontinuity is greatest
and the path has the greatest curvature, therefore
for different distances fracture propagates in
different level.

The physical properties are E=10 GPa,
,
KIC=2 MPa m0.5. The maximum compressive
horizontal stress (X-axis) and minimum
compressive horizontal stress (Y-axis) are 7 and 2
MPa respectively, and the pressure inside the
fracture is 10 MPa. Figure 18 shows the paths of
hydraulic fracturing for distance 2a. The path of
fracture when interacts with discontinuity with 90degree inclination is in straight line, but with
decreasing inclination angle the fracture deviates
from its direction and reorients sooner.
Discontinuity changes the field stress near its
surface and causes the principal stresses to be
locally parallel and perpendicular to the surface,
therefore all fractures tend to interact with
discontinuity at right angle. The paths from both
criteria are near together, that is related to Poisson
ratio and magnitude of KI and KII in the fracture
tip.

8. Conclusion
This paper presents a numerical method for
mixed-mode crack tip propagation of pressurized
fractures in remotely compressed rocks. The
maximum tangential stress criterion is
implemented sequentially to trace the crack
propagation path. Results derived from this
numerical method are compared with those
available in the literature showing that the results
are accurate and in most cases error is less than
one percent.
Stress intensity factors computed by the
approximate method are very close to that
obtained from analytical solution for the fracture
mechanics problem studied in this paper. Crack
tip propagation angles obtained from the proposed
numerical method are compared with that

7.3. Hydraulic fracturing and parallel
discontinuities
Discontinuities that are parallel with pressurized
fracture influence the propagation of fracture.
This study considers the effect of spacing between
the parallel discontinuity and pressurized crack in
X and Y direction. The properties of material and
stress condition are the same as those mentioned
in section 7.2. The geometry and results are
shown in figure 19 and 20. For the first example
(Figure 19), the distance between the
discontinuity and fracture is changed in X
direction and the distances in Y direction are
constant. The results show when the fracture
propagates under discontinuity, the path of
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Crack propagation paths for different inclinations angles
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Figure 15. Crack propagation path for different inclination angles of discontinuity with ratio c/a=1.0
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Figure 16. Comparison of crack propagation paths for ratio c/a=1.5 and 1
Mean stress around two equal cracks after crack propagation
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Hydraulic fracturing propagation paths for different inclination angles of discontinuity
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Figure 18. Hydraulic fracturing propagation paths for different inclination angles of discontinuity with distance c/a=1
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Figure 19. Paths of pressurized crack that is parallel to discontinuity for different distances in X Direction. P=-10 MPa,
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Figure 20. Paths of pressurized crack that is parallel to discontinuity for different distances in Y Direction. P=-10 MPa,
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Computational Methods in Applied Mechanics and
Engineering. 191: 745-760

available in the literature showing the high
accuracy of the method.
The maximum tangential stress criterion and the
minimum strain energy density give the same
results under the brittle condition. Their results are
very close to each other for propagation of
hydraulic fracture near the discontinuities (it may
be due to large value of KI in hydraulic fracturing
propagation and low value of Poisson ratio for
brittle rocks). In general, at a small ratio of KII/KI ,
the two criteria show little difference, which can
be noticed from figure 4. Fortunately, propagation
of a hydraulic fracturing takes place in this region
and the fracture path is the same for two criteria.
It was found that by increasing the discontinuity
inclination angle, α, the angle of interaction also
increases. For an inclination angle of 90 degree,
the angle of interaction of hydraulic fracture
reaches its maximum value (90 degree).
Furthermore, by decreasing the discontinuity
inclination angle, hydraulic fracturing propagation
path deviates from its original route earlier.
Regarding the spacing between the hydraulic
fracture and discontinuity, the stress concentration
on the crack tip is larger over the smaller
distances due to the bigger interaction effect.
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