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Abstract
Performing a probabilistic study rather than a determinist one is a relatively easy way to quantify the
uncertainty in an engineering design. Due to the complexity and poor accuracy of the statistical moment
methods, the Monte Carlo simulation (MCS) method is wildly used in an engineering design. In this work,
an MCS-based reliability analysis was carried out for the stability of the chain pillars in the Tabas coal mine,
located in Iran. For this purpose, the chain pillar strengths were calculated using the Madden formula, the
vertical stress on the chain pillars was determined by an empirical method, and a numerical modeling was
performed using the FLAC3D software. The results obtained for the probabilistic stability analysis of the
chain pillars showed that the failure probability obtained for the designed pillars by applying the MCS
method were approximately the same as that obtained by the advanced second moment (ASM) method, and
the values obtained varied between 12 and 18 percent.
Keywords: Reliability Analysis, Probabilistic Method, Monte Carlo Simulation, Statistical Moments
Method.
1. Introduction
To extract ores, most underground mining
methods utilize the temporary or permanent
pillars. The coal pillars in underground coal mines
play a key role for providing support to the
superincumbent strata [1]. In longwall mining, a
system of individual pillars named chain pillars
are designed to protect panel entries from the
influence of panel extraction. One of the
fundamental tasks involved in the analysis and
design of the longwall chain pillars is the
determination of an adequate chain pillar size for
a given mining site, where the geological settings,
materials, and mining methods are explored [2].
A number of conventional methods such as the
ultimate strength and progressive failure methods
have been developed and used in the analysis and
design of mine pillars. Such conventional methods
are based upon the use of a deterministic safety
factor as an indicator of the safety of a pillar [2].
Coal pillars have traditionally been designed using

a conventional approach based on the fact that the
load applied to a pillar should be lower than its
strength [1, 3]. While considering the safety factor
is a way to take uncertainty into account, it is now
well-recognized that the deterministic methods are
intrinsically limited for handling the uncertainties
in the material properties and non-regular
geometries [4, 5]. For example, in a pillar design,
the material properties of the pillar are variable in
the panel, and the pillar height varies as a function
of the seam thickness. Therefore, the probabilistic
methods are more appropriate than the
deterministic ones for designing coal pillars.
The advantages of a probabilistic analysis are
two-fold. First, it handles the uncertainties in the
input parameters, and particularly it determines
the sensitivity of the uncertainties in various
design variables. Secondly, while decisions are
seldom clear and perfect, this approach provides a
more rational decision-making basis than a purely
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well as to the specific expert’s choices in the risk
analysis process of the pillar design [20]. Carlisle
and Jung have used MCS for the design of
openings and pillars in hard-rock mines [21].
Cauvin et al. have also described a way to use an
MC probabilistic approach to assess the
uncertainties in the mining pillar stability analysis
[22]. They introduced a logical framework that
can be used to incorporate the different kinds of
uncertainties related to the data and models as
well as to the specific expert's choices in the
hazard or risk analysis process. Galvin et al. and
Hill and Buddery have used probability to define
the pillar design guidelines [23, 24]. Deng et al.
have presented a pillar design based on MCS by
combining the finite element methods, neural
networks, and reliability analysis [2]. Ghasemi et
al. have quantified the effects of the random
variables on the pillar safety factor, and the
probability of pillar failure was determined using
MCS [25]. Zhou et al. have applied some
statistical and soft computing methods such as the
Fisher discriminant analysis (FDA) and the
support vector machine (SVM) methodology to
the determination of the pillar stability for the
underground mines selected from various coal and
stone mines [26]. Najafi et al. have studied the
failure probability of the designed chain pillar of
the Tabas coal mine by the first order second
moment (FOSM) and advanced second moment
(ASM) methods [27]. Finally, Guarascio and
Oreste have proposed a probabilistic approach for
the evaluation of the degree of safety of a pillar.
This approach is based upon the exact evaluation
of the stress state inside the pillar, and it takes into
due consideration the typical uncertainty of the
geomechanical parameters for the rock mass that
makes up the pillars [28].
According to the above-mentioned knowledge, it
is clear that there has been no unique study on the
probabilistic evaluation of the chain pillar safety
factor using MCS.
The aim of the present study was to propose a new
probabilistic method in order to estimate the
failure probability of the chain pillars in longwall
minings using MCS. For this aim, the chain pillar
strength was calculated using the Madden
formula, and the vertical stress on the chain pillars
was subsequently determined using an empirical
method and a numerical modeling using the
FLAC3D software. Finally, the results obtained
were compared with the existing references in the
literature.

deterministic analysis [6]. Due to these features,
the probabilistic analysis has been increasingly
applied to mining engineering in the recent years.
The study carried out by Coates at the Elliot Lake
mine is probably one of the oldest probability
applications to the pillar design. He found that the
variation coefficient for the measured pillar
stresses was 22% [7, 8]. Furthermore, he
calculated the contribution to the total coefficient
of variation using the irregularities in the stope
geometry, effect of irregular mining boundaries,
and variability in the rock stiffness. Peytel has
applied the reliability methods to design the
square pillars [9]. He illustrated a design
procedure involving the failure probability by the
numerical examples. Pine has described the
application of risk analysis to the pillar design
based on the displacement-discontinuity stress
modeling and empirical strength assessment [10].
He presented a reliability analysis for the pillar
design, where the normal probabilistic
distributions were assumed for the random
variables and safety margin. Zhang et al. have
proposed an approach employing the fuzzy neural
network (FNN) for designing a longwall chain
pillar system. The results obtained showed a good
agreement between the FNN and ALPS results
[11]. Griffiths et al. have combined the random
field theory with an elasto-plastic finite element
algorithm in a Monte Carlo (MC) framework to
estimate the stability of the pillars [12, 13].
Nikitin has proposed a method for the stability
analysis and a failure prognosis by the Monte
Carlo simulation (MCS). This method is
applicable in different geological conditions,
where the room-and-pillar mining system is used
[14]. Carlisle and Jung have also used MCS for
the design of the openings and pillars in hard-rock
mines [15].
Van der Merwe has updated the traditional
formulation by Salamon and Munro in the light of
the statistical consideration on new data from
several South African mines [16, 17]. Hutchinson
et al. have proposed techniques for the stability
assessment and crown pillar failure using the
mechanistic, empirical, and numerical simulation
techniques [18]. Carter and Miller have
recommended the use of MC approach for the
crown-pillar risk assessment [19]. They suggested
some probabilistic approaches for determining the
risk of crown-pillar failure by reference to the
previous experiences.
Cauvin et al. have introduced a logical framework
that can be used to incorporate the different kinds
of uncertainties related to the data and models as
26
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chain pillars between two adjacent panels.
Considering the dip of the coal seam, the first set
of chain pillars is 200 m deep, and the last one,
located along the lowest panel, is approximately
700 m deep. The entries to the panels are 2.8 m
high and 4.6 m wide [29].
The present work concerns the first set of chain
pillars located between the first two panels. In this
case, the depth of chain pillars is approximately
equal to 200 m, while their designed width and
length are 28 m and 100 m, respectively. The
location of the entries and panels in the mine-field
#1 are shown in Figure 3.

2. Case Study
The Tabas coal mine is located approximately 75
km south of the city of Tabas in Iran (Figure 1). It
has three minable seams (C1, B1, and B2). The C1
seam, which is located in the Tabas coal minefield #1, is mined by a mechanized longwall
retreat mining method. The thickness and dip of
the C1 seam mostly vary from 1.8 to 2 meters and
from 11 to 26 degrees, respectively. Intermittently
low-strength sandstone and siltstone layers have
been formed in the hanging wall of the coal seam.
Its footwall consists of siltstone and mudstone
seams (Figure 2) [29].
In this mine, a three-entry system is used to serve
a 220 m long longwall face. There are two rows of

Figure 1. Location map showing Tabas coal mine [30].

Figure 2. Generalized stratigraphic column at Tabas coal mine.
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1st Panel

Chain Pillar
2st Panel
3st Panel

Figure 3. Location of entries and panels in mine-field #1 of Tabas coal mine.

3. Background
In this section, the results obtained for a
preliminary reliability analysis of the chain pillars
in the Tabas coal mine are presented.
The reliability analysis of the designed chain
pillars in the Tabas coal mine has already been
done to evaluate the failure probability (Pf) of the
pillars using the “first order reliability method”
(FORM).
FORM is considered to be one of the most reliable
computational methods in the geotechnical
engineering and structural reliability [31-33]. It
encompasses both the FOSM method and the
“advanced second moment” (ASM) method.
According to FOSM, the performance function
g(X) was approximated by a Taylor polynomial
expansion into a linear expression, from which the
mean and standard deviations of g(X) may be easily
calculated using the first two moments of the
basic variables.
The values for the first order approximated mean,
g, and variance, g2, for g(X) can be calculated as
follow [34]:
g  g ( X 1,  X 2 ,...,  Xn )
(1)
n

n

i

j

 g2  (

g
X i

 Xi

g
X j

Cov[ X i , X j ] )

where β is the reliability index, F0 is the
minimum standard safety factor (usually equals
1), and (g) and (g) are the mean and standard
deviations of g(X), respectively.
Furthermore, the resulting performance function
distribution can be reasonably considered as a
normal distribution according to the central limit
theorem [35]. In MCS, the failure probability can
be estimated by the following counting equation:
Pf=P[g(X) <0]

(4)

If the performance function is normally
distributed, Pf and β have the following
relationship:

Pf  ( )

(5)

where Ф is the cumulative distribution function of
a standardized normal random variable [6].
According to ASM, the reliability index,  , is
defined as the shortest distance to the failure
surface from the origin in the reduced coordinate
system (i.e. system of transformed variables). The
ASM approach may also be effectively employed
numerically using the following matrix [36, 37]:

 *  min [( X   )T [Cov]1 ( X   )]1/ 2

(2)

 Xj

X F

where Cov[Xi,Xj] is the covariance of Xi and Xj.
The partial derivatives of g(X) were evaluated at the
mean values of all parameters.
The reliability index defines the risk level, and
can be expressed as a function of the first two
moments, as follows:
  F0
 g
(3)
g

(6)

where [Cov] is the covariance matrix, and F is the
failure surface.
FORM demands the values and partial derivatives
of the performance function with respect to the
design random variables. Such calculations could
be time-consuming or cumbersome when the
performance functions are implicit.
However, based upon the discussed reliability
analysis of the pillars, the reliability index and
28
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failure probability for the chain pillars in the
Tabas coal mine have been previously calculated
by the use of both FOSM and ASM for the safety
factors between 1 and 1.5 [27]. The results
obtained for the reliability analysis are shown in
Table 1.
It has been well-recognized that the FORM
methods have some intrinsic limitations such as
complexity, where there are a large number of

input variables and a low accuracy when the
performance function is non-linear [32, 38, 39].
Since the performance function used here is nonlinear and because the variables involved in this
function concern both the geomechanical
characteristics of rock media and geometry, it is
therefore necessary to validate the pillar reliability
analysis using the methods such as MCS, which
can cover the FORM limitations.

Table 1. Results for chain pillar reliability analysis using FOSM and ASM [27].
Value
Unit
No.
Parameter
Symbol
FOSM ASM
1 Mean of safety factor
1.71
g

2
Reliability index
1.18
0.98
3
Failure probability
Pf (F<1)
11. 9
16.35
%
4
Failure probability
Pf (F<1.5) 35.62
39.3
%

To perform the reliability analysis of the chain
pillar design, the failure criteria should be
identified by means of the performance function
g(X), which is traditionally defined as:
g X   SF  1
(7)
where SF is the calculated safety factor, as R S ,
in which R and S are the resulting resisting and
driving forces, respectively [6]. R is the strength
of the chain pillars, and S is the vertical stresses
on the chain pillars [27].
In this research work, the chain pillar strength was
calculated using the Madden formula (for the
numerator of the 1st term in Equation 8) [41]. This
formula was developed for use when the width to
height ratio of the pillars was greater than five, as
is the case for the chain pillars in the Tabas coal
mine.
The vertical stress on the chain pillars (the
denominator of the 1st term in Equation 8) was
calculated using two different methods: an
empirical method and a numerical modeling. In
the empirical method, the Mark and Beniaweski
formula was used to calculate the vertical and
lateral stresses on the chain pillars. Therefore, the
performance function is:

4. Reliability analysis of chain pillars using
MCS
MCS is a powerful and accurate method, which
can be applied instead of FORM. The MC
techniques are commonly applied to a wide
variety of problems involving the random
behaviors in geotechnical engineering.
To make use of this method, the distribution
function of each stochastic variable must be
known. From each distribution, a parameter value
is randomly sampled, and the performance
function value is calculated for each set of random
samples. The repetition of this process allows a
distribution of the performance function to be
established, although it requires the calculation of
thousands of performance function values [40].
The failure probability can then be calculated as a
ratio of the number of failed cases to the total
number of simulations. Alternatively, the mean
and standard deviations of the performance
function distribution can be calculated in order to
yield the reliability index, which then serves to
determine the failure probability from the values
tabulated for the standardized normal distribution
[6]. The typical flow chart for MCS is shown in
Figure 4.
g ( X ),E 

K  L  0.011W



 H   1.98 W



 H  

 (L  B ) 
0.00981    2 W  h  B  h  h 2 tan    
 2 W  L 

where   2.43 ,   0.0677 , and   2.566
are the constants in this study, W is the width of
the chain pillar (m), h is the overburden thickness
(m),  is the overburden unit weight (ton/m3), 
is the average shear angle of the overburden, B is
the entry width (m), L is the length of the chain
pillars (m), K is the in situ coal strength (MPa),
and H is the pillar height (m).

1

(8)

In the alternative method, the mean and standard
deviations of the imposed vertical stresses on a
chain pillar are calculated using the 3D numerical
analysis. The FLAC3D software [42] was used to
model and simulate the longwall mining in the
Tabas coal mine. Figure 5 illustrates the geometry
of the modeled area.
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obtained. The numerical analysis results indicate a
8.02 MPa mean stress and a 1.93 MPa standard
deviation of the vertical stress (S) on the selected
chain pillars in the Tabas coal mine. This value
was then used in the performance function, as
shown below:

Start

Create probability
distribution functions

g(X),N 

Stochastic sampling






K  L  0.011  W  H  1.98  W  H 



S

 1

(9)

Considering the two described performance
functions, the mean and standard deviations of
each variable in the mentioned functions should
be determined. There are eight parameters
assumed as the variables with a normal
distribution function. The means and standard
deviations of these eight variables are shown in
Table 2.
The mean and standard deviations of the pillar
height and width were measured considering the
variations in the width and height of the entries,
respectively. The variation in the overburden
thickness was also measured in regard to the
surface topography. The variation in the unit
weight was obtained using the existing literature
and reports on the Tabas coal mine. It should be
noted that in MCS, when the distribution of a
parameter is not clear, the probabilistic methods
allow the designer to assume it as normal [43].
Therefore, due to the limited number of data on
the Tabas coal mine, the distributions of K and
could not be clarified, and hence their
distributions were assumed to be normal.
Considering the values mentioned for the mean
and standard deviations, stress variation was
simulated according to the random real normal
distribution. Ten thousand simulations were
carried out for the stress variation using the
MathematicaTM (ver. 6) software [44]. Then the
mean value, standard deviation, and reliability
index for each performance function were
calculated. It should be noted that the stress over a
pillar, as calculated with the empirical method,
was considered to be uniform. Therefore, the
standard deviation from it was higher than the
standard deviation obtained using the numerical
modeling.
All of the parameters g, Pf, β, and g were then
calculated (Table 3). The histogram of each
performance function was found to follow a leftskewed normal distribution function, as illustrated
in Figure 7.

Model evaluation

Calculate/update statistical
indexes

N
Meet requirments？
Y
Outputs
Figure 4. Flow chart of MCS [40].

In this mine, the longwall mining started at the
first panel, and then continued to the second
panel. Therefore, to simulate the longwall mining,
each panel was divided into one hundred cuts
along the face advancing. Considering the length
of each panel (1000 m), this means that the width
of each cut was 10 m. In each analysis step, the
cut behind the longwall face was changed to the
gob material, and the model was run to
equilibrium before creating the next cut. In order
to evaluate the stress distribution on the chain
pillars, some observation points were placed on a
chain pillar located in the middle of the panel, as
shown on Figure 6.
The chain pillars in the longwall mining were
subjected to the field stress and various stages of
mining loading. As the face advances from right
to left, and then to the next panel, as indicated in
Figure 6, the chain pillars undergo five loading
stages. By considering the five stages of loading
on the chain pillars in the numerical modeling, the
stress distribution on the chain pillars was
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Figure 5. 3D model of longwall mining.

Figure 6. Arrangement of given points on chain pillar.
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Table 2. Statistical parameters for chain pillars in Tabas coal mine.
Unit
Mean
Standard deviation
m
28
0.3
m
2.82
0.53
m
102
7.13
MPa
6.72
0.5
ton/m3
2.63
0.068
m
4.6
0.3
m
200
7.45
radian
0.34
0.075

Variable
W
H
L
K

B
h


Table 3. Results of reliability analysis applying MCS.
Value
No.

Parameter

1
2
3
4
5

Symbol

Unit

g
g


Mean of performance function
Standard deviation of performance function
Reliability index
Failure probability
Failure probability

Pf (F<1)
Pf (F<1.5)

g(X),E

g(X),N

1.72
0.82
0.88
18.88
39

2.92
1.66
1.15
12.36
19.5

%
%

800

Relative Frequency

Relative Frequency

1000

800

600

400

200

5

10

15

20

600

400

200

25

2

4

6

8

10

12

g ( X ), E

g ( X ), N
Figure 7. MCS results.

The cumulative distribution function of the safety
factor for the chain pillars is shown in Figure 8.
The most important results (Figure 8) can be
summarized as follow:
- The failure probability should decrease by
approaching the given safety factors of the chain
pillars toward a more conservative design.

- The failure probability less than or equal to one
(probability of SF < 1), is 19% for g(X),E, and 12%
for g(X),N.
- For the safety factors greater than 0.5, the values
for the cumulative failure probability reflected by
g(X),E (MCS based on Equation 7) are greater than
the values predicted by g(X),N (MCS based on
Equation 8).

1
MCS (empirical)

Cumulative Probability

0.8

MCS (numerical)

0.6
0.4
0.2
0
0

1

2

3

4

5

6

7

8

Chain Pillar Safety Factor

Figure 8. Cumulative distribution of chain pillar safety factor obtained by MCS.
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coal mine has most variations in comparison
with the other parameters.
 The results obtained for the sensitivity
analysis show that the reliability index is also
sensitive to the variation in the in situ strength
of the coal and shear angle of overburden.
Generally
speaking,
the
conventional
deterministic methods are widely used to
determine an adequate chain pillar size for coal
mines. In these cases, the safety factors as well as
all the input parameters are deterministic.
Evidently, these parameters, which have
probability characteristics, should be analyzed
using the probabilistic methods.
In this research work, MCS was applied to
determine the reliability index and failure
probability of the chain pillars in the Tabas coal
mine, and the results obtained were then
compared with the statistical moment methods.
Since ASM enjoys a higher order statistical
moment than FOSM, it is expected that the ASM
results should be closer to the results obtained by
MCS. According to the results shown in Tables 1
and 3, it is clear that the MCS results obtained by
Equation 8 (i.e. g(X),E) and the ASM results are
approximately the same. The results obtained for
the probabilistic stability analysis of the chain
pillars show that the failure probability for the
designed pillars applying the MCS method vary
from 12 to 18 percent. The results obtained for
such an analysis can also be used as a basis for
decision-making about the size of the chain
pillars. However, it is necessary to do a cost tradeoff to make the final decision. For further studies,
it is recommended that using MCS with numerical
modeling, the effect of the discontinuities on the
probability failure of the chain pillars in longwall
mining be considered.

4. Discussions and Conclusions
A sensitivity analysis can provide a quantitative
understanding of the parameters affecting the
failure states of the system. However, it should be
noted that the real failure probability cannot be
achieved through a sensitivity analysis [6].
In this work, several analyses were performed to
study the sensitivity of the reliability index
generated by the MCS method to various
uncertainty levels by changing the coefficient of
variation in the material (where the mean is
constant) and engineering parameters.
For the statistical results given by MCS to
approach reality, at least 10,000 simulations
should be performed. During each stage of an
analysis, as the coefficient of variation for one
parameter was increased, the coefficient of
variation for the other parameters were held
constant, and equal to the minimum value (Table
4). This feature serves to maximize the absolute
value of the reliability index at the beginning
(when all coefficients of variations are
minimized).
Applying Equation 8, the results obtained for the
sensitivity analysis are shown on Figure 9, where
it can be seen that:
 The reliability index decreases, and
consequently, the failure probability increases
when the coefficient of variation for each
parameter increases.
 The performance function is more sensitive to
the parameter that has a higher standard
deviation. The reliability index is more
sensitive to the pillar height (H). Indeed, the
reliability index varies from 1.6 to 0.8
dramatically, the coal thickness in the Tabas

Variable

Unit

W
H
K


B

m
m
MPa
radian
ton/m3
m

Table 4. Pillar parameters in a sensitivity analysis.
Coefficients of variations
Mean
CV1
CV2
CV3
28
0.005
0.01
0.02
2.82
0.05
0.1
0.15
6.72
0.05
0.1
0.15
0.34
0.05
0.1
0.15
2.63
0.015
0.02
0.25
4.6
0.005
0.01
0.02
1.62

1.8
K

W

Shear angle

Reliability Index

H

Reliability Index

CV4
0.03
0.2
0.2
0.2
0.03
0.03

1.6
1.4
1.2
1
0.8
0.6

B

Density

1.61
1.6
1.59
1.58
1.57
1.56
1.55
1.54

0

0.05

0.1

0.15

0.2

0.25

0.015

Coefficient of variation

0.02

0.025

Coefficient of variation

Figure 9. Reliability index for chain pillars as a function of coefficient of variation.
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چکیده:
تحلیل احتماالتی نسبت به تحلیل قطعی روش بهتری برای بررسی تأثیر عدم قطعیتها در طراحی مهندسی است .به دلیل پیچیدگی و دقت کم روش مماانهاای
آماری ،روش شبیهسازی مونتکارلو () )Monte Carlo simulation (MCSامروزه کاربرد گستردهای در طراحی مهندسی پیدا کرده است .بارای ایام منراور
در ایم تحقیق روش شبیهسازی مونتکارلو برای محاسبه اندیس قابلیت اعتماد طراحی پایههای زنجیری در معدن زغالسنگ طبس استفاده شاده اسات .از ایامرو
در ابتدا مقاومت پایه های زنجیری با استفاده از رابطه مادن محاسبه شده است و برای محاسبه میزان تنشهای وارد بر پایه از روشهای تجربی و مدلسازی عاددی
با استفاده از نرمافزار  FLAC3Dاستفاده شده است .نتایج تحلیل احتماالتی پایداری پایههای زنجیری با استفاده از روش شبیهسازی مونتکارلو نشاان داده اسات
که احتمال شکست محاسبه شده تقریباً مشابه روش پیشرفته دو ممان () )Advanced Second Moment (ASMاست و مقادار آن بایم  59تاا  51درصاد
است.
کلمات کلیدی :تحلیل قابلیت اعتماد ،روشهای احتماالتی ،شبیهسازی مونتکارلو ،روش ممانهای آماری.

