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Abstract 

Hydraulic fracturing (HF), as a stimulation technique in petroleum engineering, has made possible the oil 

production from reservoirs with very low permeability. The combination of horizontal drilling and multiple 

HF with various perforation angles has been widely used to stimulate oil reservoirs for economical 

productions. Despite the wide use of HF, there are still ambiguous aspects that require more investigation. 

Therefore, optimizing the geometry of the initial fractures using numerical methods is of high importance in 

a successful HF operation. Different geometrical parameters of the initial HF cracks including patterns, 

spacings, crack lengths, and perforation phase angles were modeled using the higher order displacement 

discontinuity method (HODDM) in horizontal and vertical oil wells. Several well-known issues in HF such 

as crack interference and crack arrest were observed in certain patterns of the HF cracks. Also the best 

possible arrangements of the HF cracks were determined for a better production. The results obtained were 

verified by the in-situ measurements existing in the literature. In addition, the best perforation phase angle in 

vertical wells was investigated and determined. 
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1. Introduction 

The combination of horizontal drilling and 

multiple hydraulic fracturing (HF) has been 

recognized as a successful stimulation technique 

for an enhanced hydrocarbon recovery from low 

permeability reservoirs. The primary objective of 

HF is to improve the natural connections of 

wellbores and reservoirs. Although it is a 

widespread method used in oil and gas 

exploitations, there are fundamental aspects that 

are yet ambiguous and require further 

investigations to eventually increase the HF 

efficiency. One of these aspects is the 

arrangement of the initial perforations in relation 

to each other and in relation to the in-situ stress 

regime. The orientation of a wellbore and 

prevailing the in-situ stress regime have important 

effects on the initiation of a HF process [1]. 

Multiple transverse hydraulic fractures in a 

horizontal wellbore can create a large stimulated 

reservoir volume (SRV), which is the main 

contributor to a high hydrocarbon production [2–

8]. Long laterals require a greater volume of 

liquids and proppants, contributing to a higher 

cost [9]. Therefore, optimization of the hydraulic 

fracture parameters such as the fracture spacing 

and fracture half-length is important. 

It has been shown that an increase in the number 

of fractures in the formation around the wellbore 

results in a faster hydrocarbon production [10, 

11]. In some cases, more than 20 fracture stages 

have been tried in a horizontal well in order to 

increase the fracture contact with the formation, 

and to produce high initial rates. The studies have 

suggested that the initial production increases 

linearly with the number of fractures but a high 

flow rate is not sustainable and declines sharply 

once the fractures interfere over a given lateral 

length [12, 13]. It is obvious that the longer the 

initial fracture length and the shorter their 

spacings, the higher the oil production will be. 



Abdollahipour et al./ Journal of Mining & Environment, Vol.7, No.2, 2016 

 

206 

 

However, reduction in the fracture spacing is 

expensive, and may even cause interference and 

subsequent reduction in the hydrocarbon 

production [14–16], which could be a cause of 

near-wellbore tortuosity or even pinching, a factor 

that usually determines the success or failure of 

the HF treatments [17–19]. 

Development of the near-wellbore fracture 

complexity, with associated pinching and 

competition between multiple fracture branches, 

can occur simultaneously in the evolution of 

fracture paths. The numerical HF models have 

been applied to the study of problems dealing with 

competing fracture propagation, conditions of 

fracture initiation, and propagation and interaction 

of multiple fractures [20–25]. In this paper, a 2D 

higher order displacement discontinuity method 

(HODDM) was employed to study the behavior of 

multi-stage fractures with different spacings and 

pre-existing or perforated fracture (PF) half-

lengths. Also the effect of orientation on the 

fracture development was studied. 

2. Geometrical and mechanical properties of 

initial model 

Rock mass was assumed to be impermeable, and a 

uniform pressure was considered in PFs. The 

following properties (based on the field data [26]) 

and assumptions were also considered through the 

analysis, unless stated otherwise: 

 The wellbore axis is aligned with one of 

the principal horizontal stresses, and has the 

radius R = 0.1 m. 

 σv = 64 MPa and σh = 47 MPa are the far-

field principal stresses. 

 The internal pressure in PFs and wellbore 

is P = 30 MPa. 

 The geomechanical properties are 

considered in the analyses including modulus 

of elasticity E = 40 GPa, Poisson ratio ν = 0.2, 

and fracture toughness KIC= mMPa3 . 

 The model is in a depth of 2500 m, and 

the compressive and tensile strengths of the 

host rock are, respectively, 110 and 17.5 MPa. 

 The maximum tangential stress mixed 

mode fracture criterion, proposed by Erdogan 

and Sih [27], is used to determine the crack 

initiation angle θ based on the linear elastic 

fracture mechanics principles [28–31]. 

To generalize the results obtained, the normalized 

parameter β = S/L was proposed and used through 

the analyses, where S (m) is the spacing, and L (m) 

is the fracture length. 

3. HODDM 

A 2D code based on the displacement 

discontinuity method was used to investigate the 

initiation and propagation of the fractures from a 

wellbore. Cubic element displacement 

discontinuity, which is based on the analytical 

integration of the cubic collocation shape 

functions over collinear or straight-line 

displacement discontinuity elements [32], was 

added to achieve a higher accuracy. Due to the 

singularity variations, the accuracy of the 

displacement discontinuity method at the vicinity 

of the crack tips decreases, and therefore, a special 

crack tip element was also considered at the tip of 

each crack to increase the accuracy efficiency of 

the method. The far field in-situ stresses were 

changed to the local normal and shear stresses on 

each element using appropriate stress transition 

equations. Then the resulting normal or shear 

local stresses were summed up under the 

appropriate boundary conditions (if there was any 

stress boundary) to produce the actual stress state 

on each element [33]. 

3.1. Cubic element formulation 

Much higher accuracies of the displacement 

discontinuities along the boundary of the problem 

can be achieved using the higher order 

displacement discontinuity (DD) elements (e.g. 

quadratic or cubic DD elements) in the solution of 

elastostatic cracked bodies. 

A cubic DD element (Dk(η)) is divided into four 

equal sub-elements, and each sub-element 

contains a central node, for which the nodal DD is 

evaluated numerically (the opening displacement 

discontinuity Dy and sliding displacement 

discontinuity Dx) [34]. 
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are the cubic collocation shape functions using a1 

= a2 = a3 = a4. A cubic element is shown in 

Figure 1 (a). 
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Figure 1. a) Cubic collocation for cubic element displacement discontinuity, and b) displacement correlation 

technique for special crack tip element [35]. 

 

The displacements and stresses for a line crack in 

an infinite body along the x-axis, in terms of the 

single harmonic functions g(x,y) and f(x,y), are 

[36]: 
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µ is the shear modulus, and f,x, g,x, f,y, g,y, etc. are 

the partial derivatives of the single harmonic 

functions f(x,y) and g(x,y) with respect to x and y, 

in which these potential functions for the cubic 

element case can be found from: 
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in which the common function Fj is defined as: 
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where I0 to I3 are the integrals distributed from –a 

to +a. The integrals have been explained in details 

in [33, 35]. 

3.2. Special crack tip element 

Since the singularities of the stresses and 

displacements near the crack ends may reduce 

their accuracies, the special crack tip elements are 

used to increase the accuracy of the DDs near the 

crack tips [35]. As shown in Figure 1 (b), the DD 

variation for four nodes can be formulated using a 

special crack tip element containing four nodes 

(or having four special crack tip sub-elements). 
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where the crack tip element has a length a1 = a2 = 

a3 = a4. 

Considering a crack tip element with four equal 

sub-elements (a1 = a2 = a3 = a4), the shape 

functions NC1(η) to NC4(η) can be obtained as 

equations: 
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By substituting Eqs. (8) into Eqs. (7) and then 

substituting these equations into Eqs. (3) and (4), 

and following the procedures similar to those 

given for the derivation of the general potential 

function Fj(I0,I1,I2,I3) in Eq. (6), the general 

potential function FC(x,y) for the crack tip element 

can be expressed as: 
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The potential function FC(ICK) for the special 

crack tip elements can be written in the following 

form: 
a 1

2 2 2
C CK CK

a

F (I ) N ( ) ln (x ) y d ,     K 1 to 4
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where IC1 to IC4 are the integrals for the special 

crack tip elements distributed from –a to +a. 

These integrals have also been explained in details 

in [33, 35]. It should be noted that for this case, 

also two degrees of freedom are used for each 

node (boundary collocation points) at the center of 

each sub-element. Based on the linear elastic 

fracture mechanics (LEFM) principles, the mode I 

and mode II stress intensity factors KI and KII can 

be easily deduced [29, 35]. A crack tip element of 

length 2a is considered, and then the stress 

intensity factors with respect to the normal and 

shear displacement discontinuities (assuming 

plane strain condition) can be determined [32], as: 
1 1

2 2
I y II x

2 2
K D (a), K D (a)

4(1 ) a 4(1 ) a
    and     

   
 

   

   
   
   

 (11) 

where μ is the shear modulus, and ν is the Poisson 

ratio of the brittle material. 

4. Verification of HODDM 

The well-known problem of a central slant crack 

(see Figure 2) with the existing analytical solution 

for mode I and II SIFs (stress intensity factors) 

was chosen to verify the accuracy and 

applicability of HODDM used. Furthermore, the 

crack propagation prediction of HODDM was 

tested against the experimental data. The element 

length was kept constant (equal to 1 cm) for all the 

numerical analyses, unless stated otherwise. 

4.1. A central slant crack problem 

A central slant crack under far field uniform 

tension is shown in Figure 2. The slant angle 

45   and half crack length b=1 m were 

assumed in the analysis. A crack tip element 

length to half crack length ratio l/b = 0.1 was used 

for the numerical solution of the problem. The 

analytical solutions of the first and second mode 

SIFs, KI and KII, for the center slant crack problem 

were given as [28, 37]: 

2
I IIK b sin K b sin cos   and            (12) 

 

 
Figure 2. Geometry of a central slant crack problem 

in an infinite body. 

Figure 3 shows the effect of the number of crack 

tip elements on the SIF prediction in a slant crack 

problem with 45   . The vertical axis shows 

the normalized stress intensity factors, while the 

horizontal axis shows the number of used crack 

tip elements. The results shown in Figure 3 show 

that using more crack tip elements increased the 

accuracy of the method. The most accurate results 

occurred when four crack tip elements were used. 

Less than 0.2% error was observed in the 

prediction of SIFs. Also it should be noted that, 

based on the analytical solution for the slant crack 

problem (Eq. (12)), both KI and KII must be equal 

for 45   , which is what happened for the 

numerical results here. 

 

 
Figure 3. Normalized mode I and II SIFs using 

HODDM with various numbers of crack tip 

elements in a 45° slant crack problem. 

4.2. Verification of crack propagation 

prediction by laboratory results 

The results obtained for the crack propagation of 

pre-cracked rock-like cylindrical specimens [33, 

38] of 60 mm diameter and 120 mm length were 

used to verify the capability of HODDM. The 

mechanical properties of the uncracked rock-like 

specimens were obtained using the laboratory 

tests following the ISRM standards. The 

mechanical properties used in the present analysis 

were compressive strength, σc=28 MPa; Young’s 

modulus, E = 15 GPa, Brazilian tensile strength, σt 

= 3.81 MPa; and Poisson’s ratio, = 0.21. 

Figure 4 illustrates the geometry and loading 

conditions of a pre-cracked specimen with three 

cracks. Cracks 1 and 2 (Isopath cracks) have 

constant orientations of α = 60°. The third crack is 

oriented at different angles with respect to the 

direction of cracks 1 and 2, i.e. at the angles β = 

0°, 45°, and 90° (in a counterclockwise direction) 

(see Figure 4). 
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Figure 4. Geometry of two cracks in a pre-cracked rock-like specimen under uniaxial compression. 

 

Figure 5 shows the numerical and experimental 

results for the crack propagation of the specimens. 

The numerical results in Figure 6 (a) successfully 

captured the behavior of the experimental 

specimens in Figure 6 (b), showing the accuracy 

and applicability of HODDM used. 

The effects of crack geometry on HF propagation 

were then investigated. Two distinct cases were 

considered in the numerical analyses of the 

horizontal oil wells: case 1, when all PFs had the 

same lengths, and case 2, when PFs had different 

lengths. Also the perforation angle in the vertical 

oil wells were studied using the two common 

perforation angles. 

 

   
β = 0° β = 45° 

(a) 

β = 90° 

   

β = 90° β = 45° 

(b) 

β = 0° 

Figure 5. Results of crack propagation paths and crack coalescence for cylindrical specimens (with three cracks) 

under uniaxial compression: a) numerical b) experimental [33, 38]. 
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5. Analysis of propagation of isolength cracks 

in HF 

Four PFs with equal lengths were modeled on 

each side of the well. Due to the symmetry of the 

problem, a line of symmetry was introduced with 

respect to the boundary elements, as it can be seen 

in Figure 6. The image elements were used to take 

into account the effect of symmetrical parts [39]. 

Figure 7 shows the results obtained for various βs. 

All models were run for a maximum of 20 steps of 

crack propagation. For β = 0.125 and β = 0.5, 

inner cracks have not propagated completely, 

since they were affected by the propagation of the 

outer cracks and the induced stress field. For β = 

0.25, the inner cracks propagated but the outer 

cracks were influenced and slowly gained distance 

from the wellbore and even turned back at the 

final stages. For the cases of β = 0.75 and 1.25, 

the arrangements were even less productive since 

the inner cracks either intersected each other or 

intersected the outer cracks, which contributed to 

the near-wellbore tortuosity or even pinching. 

Both tortuosity and pinching decrease the 

production rate. When the cracks intersect each 

other, they produce long and curvy paths through 

which oil passes to reach the well and finally gets 

to the surface. These long paths create more 

friction on the way and reduce the pressure of the 

reservoir causing a lower production rate. Hence, 

the intersection of the perforated cracks should be 

avoided. For β = 1, 1.5, and 2, most crack 

propagations away from the wellbore happened. 

Considering that closer cracks achieve a higher 

permeability, β = 1 may be reported as the best 

case for the isolength cracks. This is in close 

agreement with the results obtained by Yu et al. 

[40]. 

 

 
Figure 6. A simple sketch of model with geometrical parameters. 

 

 
Figure 7. Crack propagation for different fracture 

spacing factors: a) β = 0.125, b) β = 0.25, c) β = 0.5, 

d) β = 0.75, e) β = 1.0, f) β = 1.25, g) β = 1.5, h) β = 

1.75, and i) β = 2.0. 

Figure 8 shows the effect of fracture spacing (in 

foot) on the measured cumulative gas production 

(in million standard cubic feet), shown by Yu et 

al. [40]. The fractures in their study were 250 ft 

long. As it can be seen in this figure, the 

production increases with increase in spacing up 

to almost 250 ft, and then it remains constant for 

larger spacings, implying an optimum distance 

equal to the fracture length (250 ft). The sharp 

slope of the diagram before spacing = 100 ft 

shows a low production, which is probably caused 

by interference of the fractures in smaller 

spacings, which was also observed in the current 

study. 

 
Figure 8. Effect of fracture spacing on cumulative 

gas production in base well with equal number of 

fractures [40]. 

http://en.wikipedia.org/wiki/Million_standard_cubic_feet_per_day
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6. Analysis of propagation of cracks with 

different lengths in HF 

The effect of crack length on the crack 

propagation was investigated using two different 

lengths L1 and L2 (L1 > L2) for perforated 

fractures. Two combinations of PFs were studied. 

In the first combination, two PFs with the length 

of L1 were used as the outer cracks, while the 

inner cracks had an L2 length. In the second 

combination, the inner and outer crack lengths 

were replaced. 

It can clearly be seen in the crack propagations in 

Figure 9 that for the first combination, the near-

wellbore tortuosity was more frequently 

happening than the isolength cracks. For β = 

0.125, 0.25, 0.75, and 1.25, the inner cracks 

intersected the outer cracks or intersected each 

other. For β = 0.5 and 1, the intersection of cracks 

were also possible in more analytic steps. 

 

 
Figure 9. Hydraulic fracture propagations for first 

combination (longer outer cracks): a) β = 0.125, b) β 

= 0.25, c) β = 0.5, d) β = 0.75, e) β = 1.0, f) β = 1.25, 

g) β = 1.5, h) β = 1.75, and i) β = 2.0. 

 

In the second combination for β = 0.125, 0.25, 

0.75, and 1.0, the outer cracks interfered with the 

inner cracks (Figure 10). For β = 0.5 and 1.0, the 

outer cracks could not propagate much, and were 

arrested at the first steps. The cracks were almost 

fully propagated for β = 1.25, 1.5, and 2.0, while 

for β = 1.75, the cracks could not propagate much 

away from the wellbore. Following the same 

reasoning, the best case may be β = 1.25 for a 

better permeability achievement. 

 

 
Figure 10. Hydraulic fracture propagations for 

second combination (longer inner cracks): a) β = 

0.125, b) β = 0.25, c) β = 0.5, d) β = 0.75, e) β = 1.0, f) 

β = 1.25, g) β = 1.5, h) β = 1.75, and i) β = 2.0. 

7. Propagation of cracks perforated with a 

phase angle 

Perforation of wellbore may be carried out with a 

phase angle. A vertical well of the same geometry 

was considered to study the perforation angle in 

this section. Two commonly used phases of φ = 

60° and 120° were studied. The cracks were 

rotated in relation to σH, i.e. x-axis. Figure 11 

shows the sketch of the primary models. For φ = 

60°, the inclination angle β = 0°, 15°, 30°, and 

45°, and for the φ = 120° angle, β = 0°, 15°, 30°, 

45°, 60°, 90°, and 105° were considered. 

 

 
Figure 11. PFs with a phase angle φ and starting angle β. 
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Figure 12 shows the crack propagations for 

variations in φ = 60°. In Figure 12(a), only those 

cracks aligned with σH propagated. The cracks 

orienting more than 45° showed no tendency to 

propagate. The best results were obtained for β = 

30°, where the two sets of cracks were oriented 

30° from σH. As it can be seen, one set of cracks 

being perpendicular to σH did not propagate in 

Figure 12 (c) but the other two sets fully 

propagated. As expected for β = 15° and 45° in 

Figures 12 (b) and (d), the least propagation 

occurred since in these two sets of cracks, β > 45°. 

Figure 13 shows the crack propagations for 

variations in φ = 120°. The cracks perpendicular 

to σH did not propagate (Figures 13 (c) and (g)), 

while for the other inclination angles, the cracks 

fully propagated. A comparison of the results 

using Figures 12 and 13 showed that the cracks 

with the phase angle φ = 120° resulted in a better 

crack propagation in the HF procedure. 

 

 
Figure 12. Variations in crack propagations of PFs with phase angle φ = 60°: a) β = 0°, b) β = 15°, c) β = 30°, and 

d) β = 45°. 

 

 
Figure 13. Variations in crack propagations of PFs with phase angle φ = 120°: a) β = 0°, b) β = 15°, c) β = 30°, d) 

β = 45, e) β = 60°, f) β = 75°, g) β = 90°, and h) β = 105°. 

8. Conclusions 

The geometrical parameters involved in the 

hydraulic fracturing (HF) in a horizontal wellbore 

were studied using a 2D HODDM code. Different 

crack lengths and spacings were used in the model 

to investigate the interaction of cracks with their 

propagation. A maximum of 20 steps of crack 

propagation was considered for each case. A 

fracture spacing factor was used to generalize the 

results. For the isolength cracks, the best results 

were obtained for β = 1.0, 1.5, and 2. Since closer 
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cracks contributed to higher permeabilities, β = 1 

may be introduced as the best case for HF, i.e. the 

spacings and crack lengths should be equal. This 

was in close agreement with the results obtained 

from the other studies. When the outer cracks 

were longer, the best case was for β = 2.0, while 

when the inner cracks were longer, the best case 

was for β = 1.25. Based on the numerical results 

obtained, the best crack propagation occurred 

when all PFs were of the same size, and the worst 

case was for the longer outer cracks, where there 

was no significant crack propagation for close 

spacings. 

Two common perforation phases for HF in the 

vertical wells were also studied, which resulted in 

the following conclusions. For the phase angle φ = 

60°, best results were obtained for β = 30°, and 

more deviation from σH did not produce better 

results similar to those obtained for the single and 

double sets of PFs. For the phase angle φ = 120°, 

all PFs fully propagated, except for those 

perpendicular to σH. The best results may be 

obtained using φ = 120°, with any deviation from 

σH, except for β = 30° and 90°. 
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 چکیده:

یک روش تحریک در مهندسی نفت، تولید نفت از مخازن با نفوذپذذیر  بسذیار  ذم را ممکذد  ذرده اسذتب تر یذ  ففذار  ا  ذی و           عنوان بهشکست هیدرولیکی، 

رودب بذرالف  اسذتفاده رایذز از     بذه  ذار مذی   متذداول   صذورت  به ار  برا  تحریک مخازن و تولید اقتصاد   شکست هیدرولیکی چندگانه با زوایا  گوناگون مشبک

 هذا   سذاز  هندسذه شکسذت ی    بنذابراید، بهینذه   ؛ها  گوناگونی از اید عملیات مبهم است و نیاز به تح یق و بررسی بیشتر دارد کی همچنان جنبهشکست هیدرولی

لیذه شکسذت   ها  او آمیز بودن عملیات شکست هیدرولیکی داردب پارامترها  هندسی متفاوت در ترک ها  عدد  اهمیت باالیی در مو  یت اولیه با استفاده از روش

سذاز    ها  ا  ذی و قذا م مذدل     ار  با استفاده از روش ناپیوست ی جابجایی مرتبه باالتر در چاه و زاویه  از  مشبک دار ، طول ترک هیدرولیکی شامل ال و،  اصله

ها  اولیه مشاهده شدب نتایز فاصل بذا   در شکست هیدرولیکی مانند تداالل ترک و توقف ترک در ال وها  الاص قرارگیر  ترک شده شناالتهشدندب چندید مسئله 

 ها  قا م بررسی و تعیید شدب  ار  در چاه شدب عفوه بر اید، بهترید زاویه مشبک دیتا ها  برجا موجود در مطالعات گذشته  گیر  اندازه

 ب ار  ساز  چاه، گسترش ترک، تداالل ترک، مشبکشکست هیدرولیکی، شبیه کلمات کلیدی:

 

 


