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Abstract
The results of batch settling tests (BSTs) are used to investigate the settling behavior of solids suspension,
which contribute to sizing thickeners. Conventional methods in analyzing BST on the basis of visual and
graphical procedures lead to sub-optimally sized and selected thickeners. A computational approach based
on quantitative analysis of BST can be beneficial. About 300 settling experiments were performed by
varying conditions including solids concentration, type and dosage of chemical aids. Solid samples were
collected from iron, copper, coal, lead and zinc tailings and feed streams. Considering extreme limits,
settling curves were generated and analyzed based on experimental data. Therefore, a mathematical model,
h(t), is introduced to define batch settling curves. Furthermore, it is shown that, on settling velocity curves a
maximum value is likely to occur (except in extreme conditions such as very high or very low solids
concentration suspensions or extremely high dosage of flocculant). In addition, based on parameters obtained
from the model h(t), an index, Ii, is developed to compare batch settling curves quantitatively. The proposed
model and index can simply be utilized in a computerized approach of settling curves analysis.
Keywords: Solid liquid separation, Thickening, Batch settling test, Mathematical model, Settling velocity.
1. Introduction
Gravity sedimentation is the most common
technique applied for solid-liquid separation, and
batch settling tests (BSTs) are used to obtain
detailed information of sedimentation behavior
(e.g. settling velocity) of suspensions. During the
batch settling, the solids pass from free to
hindered settling and then to compression
conditions. Thus, batch settling consists of two
distinct stages: settling and consolidation. With a
given initial settling rate and the value of critical
point, BSTs have been a major step of sizing
thickeners and clarifiers [1-6]. BSTs can also be
used in determining dewaterability of sludges.
These tests are an important step in estimating
compressive yield stress and hindered settling
function [7, 8]. Furthermore, choosing appropriate
flocculant for operation, the effect of flocculant

properties on sedimentation, aggregates properties
and generally the effect of impressive factors in
settling can be investigated by using BSTs [9-12].
In the last two decades, BSTs have been
conducted to study settling process in different
areas such as minerals industries [13], waste water
treatment [14], filtration [15], sewage [16],
drinking water [17], ocean engineering [18],
dredging
[19],
environment
[19]
and
biotechnology [20].
Kynch [2] developed a model to describe batch
settling curves (the mudline height vs. time)
assuming that the suspension was ideal. This
theory was used in thickener sizing by others [3,
4]. He showed that settling velocity depends on
local concentration of suspension. This led to a
relation between local concentration, time and
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position, as a partial differential equation (PDE)
[Eq. 1].

Banisi and Yahyaei [28] proposed Eq. (5) to
describe settling curves. However, its efficiency
has not been discussed.

(1)

h(t )  Exp(

Where z is the height from the bottom in
sedimentation column,
is the
batch settling flux function, is volumetric solids
concentration and is settling rate.
Modeling of detailed information of the BSTs
(especially settling velocity) has been the focus of
attention in the last few decades. Vesilind in 1968
on the assumption that, velocity was only
dependent on local sludge concentration presented
an Eq. (2) [21, 22].

a0  a1  t  a2  t 2  ...  an  t n
)
1  b1  t  b2  t 2  ...  bm  t m

(5)

Where a0,a1,...,an , b1,b2,...,bm are model
parameters, h(t) is the height of interface and t is
settling time.
Focusing on the nonlinear section of the batch
settling curves, Grassia et al. [29] indicated that
power law and exponential decay functions are
reasonable fits to simulated synthetic height vs.
time data derived from the settling flux function
previously employed by Lester et al. [30].
Furthermore, it was concluded that the parameters
of the power law fit to settling curve could be
utilized in the analytic formula for settling flux.
In this work, BSTs modeling is investigated
varying settling conditions. Detailed analysis of
BSTs results are then performed utilizing the
developed model. BSTs results were analysed and
compared quantitatively utilizing the developed
model.

(2)
Where V0 and n are model parameters and X is
volumetric concentration of solids.
Takács et al. [23] and Cho et al. [24] presented
Eqs. (3) and (4) respectively.

(3)
(4)
Where
is maximum theoretical settling
velocity, Xj is suspended solids concentration in
layer j, Xmin is minimum attainable suspended
solids concentration, rp settling parameter
associated with the low concentration and slowly
settling component of the suspension, rh settling
parameter associated with the hindered settling
component of settling velocity equation and also
X is solids concentration by weight, k’ and n’ are
constant.
Grijspeerdt et al. [25] stated that batch settling
data could be well fitted using Takács et al.
model. While, Watts et al. [26] asserted that the
Takács et al. model could be simplified to the
Vesilind model for the estimation of sludge
blanket dynamics.
Vanderhasselt and Vanrolleghem [27] compared
the Vesilind approach using zone settling velocity
(Vzs) data and Cho et al. method (direct parameter
estimation) relying on a single batch settling
curve. They declared that the Vesilind model is
superior to the Cho et al. model in describing the
relationship between Vzs and X (sludge
concentration), while the Cho et al. model is
better in describing complete settling curves
which implies that, current settling models are
still very empirical in nature. Furthermore, they
concluded that the reliability of Cho et al. flux
curve predictions is insufficient to validate
replacement of the conventional estimation of
settling parameters.

2. Materials and methods
2.1. Batch settling tests
Batch settling experiments of varying conditions
as shown in Table 1, were performed using a
graduated glass cylinder (500 cm3; 25.4 cm height
and 5 cm diameter or 1000 cm3; 35.4 cm height
and 6.1 cm diameter). The height of the mudline
was mostly measured visually, except for high
settling rate for which a camcorder was used, and
the first measurement was done in 3 seconds after
the start of the test. A schematic view of a BST in
600 seconds is illustrated in Figure 1.
Table 1. Batch settling tests conditions
Condition
Samples
Test duration
Pulp solids
concentration
pH
Flocculant type
Flocculant dosage
(g/t)

Description
Copper, coal and iron tailings
and lead and zinc feed samples
10-120 min
2-50 % by weight
7-12
None ionic, anionic and cationic
0-70

Flocculant solutions were made up with
concentration of 0.1 g/l and diluted to different
concentrations.
In most cases, the slurry was mixed by 3 times
inversion (turning the graduated cylinder upside
down), whereas a plunger was used infrequently.
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The resulted R2 is within the range 0-1, while the
adjusted R2 is always less than or equal to R2 and
may be negative. As an advantage over R2, the
number of data points and model variables are
taken into account in the adjusted R2. With these
coefficients being closer to 1, the adequacy of a
model is improved.
3. Results and discussion
3.1. Model development
Figures 2 and 3 show typical settling curves for
various mineral samples, flocculant dosage and
particle size.
As illustrated in Figures 2 and 3, the resulted
settling curves from all possible combinations of
solids concentrations and flocculant dosages is
laid between two extreme limits. As indicated,
curve A resulted from high solids concentration
with no flocculant addition, whereas curve D,
resulted from dilute suspension with high
flocculant dosage.
A software (Find Graph 5) was utilized to find
potential equations on the basis of a variety of
batch settling curves considering extreme limits,
such as shown in Figures 2 and 3. As a result,
candidates to describe the curves were primarily
chosen.

Figure 1.A schematic view of a BST in 600 seconds

2.2. Model adequacy analysis
The adequacy of a model was analyzed
considering the coefficients of determination (R2)
and adjusted R2:
∑
(6)
)2
̅)2

∑

(7)

⁄

(8)
(9)

Height of interface (cm)

Where SSE is sum of square errors, SST is sum of
square deviations of the experimental data yi from
their mean ̅ , fi is model results, n is sample size
and p is total number of regressors in the
model[31].
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Figure 2. Typical settling tests performed using copper tailings in 500 cm3 cylinder in varying conditions;
d80: 107 μm, pH=11, solids density: 2.6 g/cm3
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A: Lead & Zinc ore, Solids density: 3.7 g/cm3,
d80: 55 μm, 35% solids concentration by
weight, no flocculant
B: Coal tailings, Solids density: 1.6 g/cm3, d80:
35 μm, 8% solids concentration by weight,
flocculant dosage 35 g/t
C: Iron tailings, Solids density: 4 g/cm3, d80: 63
μm 8% solids concentrations by weight,
flocculant dosage 5 g/t

D: Coal tailings, Solids density: 1.6 g/cm3,
d80: 35 μm, 2% solid concentration by
weight, flocculant dosage 15 g/t

Figure 3. Typical settling tests performed using different minerals in varying conditions in 1000 cm3 cylinder:
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It was found that about 30 equations might
describe the curves [32]. All of the equations
chosen in the first step were examined by using
the results of a limited number of settling tests.
Consequently Eqs. (10-12) were distinguished to
be the candidates for further consideration.

settling tests considering
3.

Table 3. Adjusted R2 resulted from applying Eqs.
(10), (11) and (12) to about 300 tests of varying
conditions
Results
with

h(t )  a  b  Exp(t / c)  d  Exp(t / f )
(10)
h(t )  a  b  Exp(t / c)  d  Exp(t / f ) 
(11)
g  Exp(t / h)

at 2  bt  c
h(t )  Exp( 2
)
dt  ft  g

(12)

Table 2.Coefficient of determination resulted from
applying Eqs. (10), (11) and (12) to approximately
300 BSTs of varying conditions
R2

R2

R2> 0.99
(%)

Mean

Standard
deviation

75.9

98.2

0.9983

0.002

11

91.1

99.6

0.9990

0.0011

12

92.6

100

0.9992

0.001

R2> 0.998
(%)

10

Equation

Mean

Standard
deviation

98.2

0.9982

0.0021

89.7

99.6

0.9990

0.0011

92.2

100

0.9992

0.0010

>0.998
(%)

>0.99
(%)

10

74.1

11
12

From the results presented in Table 3, a similar
conclusion is confirmed and the Eqs. (11-12) are
proved to be acceptable in defining batch settling
curves. However, regarding the number of
parameters and precision, Eq. (12) is superior.
This can be considered as a modified version of
the model developed by Banisi and Yahyaei[28].
These models are supposedly suitable to be
applied not only in mineral industries for which
the results are validated but also in other areas in
which BSTs are used to study sedimentation of
suspensions. Work is currently underway to
analyze the reliability of the results.

3.2. Model validation
The three equations were fitted on the
experimental results of about 300 settling tests as
presented in Table 1. At this stage, the verification
criteria were considered to be the coefficient of
determination (R2). The results obtained by
applying Eqs. (10-12) are shown in Table 2.

Results
with

Results
with

Equation

Where h(t) is the height of interface (cm) in
desired time, t is time (min), a,b,c,d,f,g,h are
model parameters.

Results
with

are shown in Table

3.3. Application of settling models
3.3.1. Critical point estimation
As solids settle in a BSTs, with increasing solids
concentration, the settling condition is changed
from free to hindered settling and then to
compression. Depending on the test condition, the
contributions of free settling, hindered settling and
compression zone can be different.
A point at which the hindered settling ends and
compression zone commences is referred to as
compression or critical point. Determining the
critical point is essential in some of the thickener
sizing methods including Talmage and Fitch [3].
Gupta and Yan [33] reviewed conventional
methods; bisecting, Mondal&Mujomdar and log
(H-H∞) which are commonly used to determine
the critical point. These methods are based on a
graphical procedure and more or less dependent
on the personal decision of the analyst. Thus,
using a mathematical method to determine the
critical point of the settling curves is essential.
During a settling test, as time goes on, (with the
condition changing from free to hindered settling),
settling rate decreases nonlinearly. Therefore,
critical point can be located where the
acceleration of the interface displacement
approaches to zero. In this study, the second
derivative of the settling curve model is suggested

According to Table 2, R2 values of all of the three
equations were more than 0.99 at least in 98% of
the cases, which implies that, each of them can be
used to define a variety of entire settling curves
accordingly. While, using Eqs. (11 and 12), the R2
values are more than 0.998 in 91.1 and 92.6% of
the cases, respectively. This suggests that Eqs. (11
and 12) are the remaining two candidates for
further consideration.
In finding the appropriate model, the number of
experimental data points should be as great as
possible, and the number of model variables
should be as few as possible. Thus, to consider the
number of data points and model parameters in
the chosen equations, the adjusted R2 values were
used as the verification criteria. The results of
fitting the three models to the data from the
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to be used in critical point estimation. In practice
it is observed that critical point occurs where the
second derivative of the model approximates to
the value 0.1. The results of the conventional
methods and estimated values obtained from
second derivative of the Eq. (12) for the curves
illustrated in Figure 2 are shown in Table 4.

the other hand, the result of the mathematical
method is more reliable since it is independent of
the analyst.
3.3.2. Calculating settling velocity
As an important application, BSTs results are
used in determination of solids flux, which in turn
is utilized in the design and sizing of solid liquid
separation equipments. As mentioned earlier, the
flux function is directly dependent on the settling
rate. The slope of a settling curve is commonly
determined by drawing a tangential line to the
curve at that point. This procedure is also applied
to estimate the initial settling rate of the curve
[34-36].
At any point of a settling curve, the first
derivative of the developed Eq. (12) can be used
to calculate the exact settling velocity of the
mudline at that point. Figures 4 and 5 show the
change of settling velocity of interface due to the
change of solids concentration for the curves
shown in Figures 2 and 3, respectively. It is
shown that, in some cases a maximum value on
the settling velocity curve is observed at the early
stage of the test. This is in contrast with Kynch
theory which suggests that settling velocity is a
function of solids concentration, and can be
attributed to the fact that in addition to the solids
concentration other factors such as floc density,
shape and size of the particles and flocculation
quality have an effect on settling velocity [37].
Furthermore, shear and weak flocculation may
also result in a maximum value in the settling
velocity of the interface.

Table 4. Results of estimating critical point of
Figure 2 by different methods
Critical point (minutes)

Curve
A

Using
second
derivation
of Eq. (12)

Bisecting

Mondal&Mujomdar

Log(HH)

Does
not
work

Does not work

Does
not
work

38
Seconds

6

12

10

7.77

4.5

6

5

6.43

3

4

2.5

4

Curve
B
Curve
C
Curve
D

2.5

Settling rate (cm/min)

Settling rate (cm/min)

As illustrated in Figure 2, Curve (A) corresponds
to a high solids concentration suspension which
resulted in compression condition in the early
seconds of the test. The conventional methods are
based on a graphical procedure. Therefore, they
are not applicable in determining critical points of
settling curves of high solids concentration
suspensions such as curve (A) in Figure 2. While,
by using the mathematical method, the critical
point of the curve (A) was simply found to be
after 38 seconds from the start of the test.
Furthermore, in the conventional method, the
difference between the results of each curve could
be attributed to the analyst personal decision. On
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Figure 4. Settling velocity of interface vs. time generated by the first derivation of
Eq. (12) corresponding to settling curves shown in figure 2.
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Figure 5. Settling velocity of interface vs. time generated by the first derivation of
Eq. (12) corresponding to settling curves shown in figure 3.

Using the mathematical model (Eq. 12), settling
velocities of the 300 experiments were examined
to predict the consequence of any specific
condition. Results showed that, in the most cases
during the test, settling velocity rose to a
maximum value then declined. While, the
maximum velocity was not observed in the cases
of high settling velocity (due to high flocculant
dosage or extremely dilute pulp) or low settling
velocity (due to high solids concentration
suspensions with no flocculant addition).
It can be deduced that settling velocity of the
interface may increase to a maximum value at the
early stage of a settling test. Then, with increasing
solids concentration a gradual decrease in settling
velocity occurs. However, with high solids
concentration
suspensions
which
causes
compression condition from the early stage of the
test, this phenomenon is not observed.
Referring to Figures 4 and 5, the maximum values
on the settling velocity curves have been occurred
in very short periods after the start of the tests
(approximately in the first 22 seconds). This
implies that in most cases the curve reaches the
maximum and then declines on the corresponding
settling curves in Figures 2 and 3. In practice, by
drawing a tangential line to the settling curve the
exact initial slope of the curve cannot be detected.
In addition, when the slope of the tangential line
is high, the tan of the degree of the slope changes
markedly with slight differences in the degree of
the slope, which results in high levels of error in
the obtained initial slope of the settling curves. On
the other hand, since the direction of the slope of

the settling curves may be varied, it must clearly
be specified that at which point the first derivative
of the h(t) is desired.
To estimate the initial slope of a settling curve,
Eq. 13 was suggested with the multiplier α equal
to 0.05 [38]. In an attempt to verify the results, the
initial slope of the 300 settling curves was
estimated by using a conventional method (the
slope of the trend line between initial data points)
and the suggested equation by varying α. The
relationship between the results obtained using
Eq. 13 versus the common method is shown as a
trend line in Figure 6. The R2 value and the slope
of the trend line with varying values of α are
shown in Table 5. The estimation can be further
improved by considering smaller values of α to a
minimum value of 0.029.
'
'
(13)
Initial slope = h (0)  h (CPt )
2

Where: h’ is first derivative of the equation;and
CPt is Critical point time.
Resulted from Eq. 13

100

y = 1.0037x + 1.3295
R² = 0.8818

80
60
40
20
0
0

20

40

60

80

100

Using conventional method

Figure 6. Initial slope resulted from Eq. (13) versus
initial slope obtained using conventional method.
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Table 5. Verification of the Eq. (13) on the basis of
value of α considering R2 and slope of the trend line
between the results
α
R2
Slope
0.050

0.875

0.883

0.040

0.878

0.933

0.035

0.879

0.962

0.032

0.880

0.982

0.030

0.881

0.996

0.029

0.881

1.003

0.028

0.882

1.011

0.025

0.883

1.034

Ii  K 

Si h20 h60 hc



S h20i h60 i hci

Where
Ii is the index amount of ith curve
Si is the initial slope of ith curve

S is the mean of initial slope of the curves to be
compared
h 20 is the mean of the heights of the interfaces of the
curves at 20% of the time of the critical point
h20i is the height of interface of ith curve at 20% of
the time of the critical point

3.3.3. Comparing settling curves quantitatively
A comparison of the settling curves is of great
significance. A visual comparison can only reveal
the situation as being better or worse. Initial slope
of the curves has mainly been distinguished.
However, after a longer time the condition may
change. Therefore, a comparison is suggested
based on an index defined considering the curves
entirely.
An approach based on the definition of a visual
comparison of the curves is proposed to perform a
quantitative comparison of the settling curves
with the goal of a computerised analysis. Curves
characteristics including the initial slope of the
curve, the height of the interface of the clear
water, and suspension at different times are
considered. For a relative comparison of the
settling curves, an index I is introduced (Eq. 14).

h 60 is the mean of the heights of the interfaces of the
curves at 60% of the time of the critical point
h60i is the height of the interface of the ith curve at
60% of the time of the critical point

h c is the mean of the heights of the interfaces

hci is

the height of the interface of ith curve at the
critical point
K is calibration factor
The calibration factor, K, is included in the
equation to convert the Ii within a range of 0-100.
From the distribution of the results it was found
that with K set to a value of 18, 95 out of 100 of
the Ii indexes are within 0-100. The calculated Ii,
of eight settling curves (shown in Figure 7)
resulted from experiments conducted varying
flocculant type and dosages, are compared to each
other (Table 6).

30

Height of interface (cm)

(14)

15 g/t Low molecular weight
20 g/t Low molecular weight
25 g/t Low molecular weight
35 g/t Low molecular weight
40 g/t Low molecular weight
50 g/t Low molecular weight
30 g/t High molecular weight

24

18

12

6
0

5

10

15

20

25

30

35

40

Time(min)
Figure 7. Settling curves of copper tailings resulted from varying flocculant type/dosage, pH=11.3, d80=97 μm.
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Table 6. Ii values of settling curves in Fig.7 resulted
from varying test conditions
Flocculant dosage
Molecular weight type
Ii
(g/t)
15
Low molecular weight
1.32
20

Low molecular weight

2.03

25

Low molecular weight

2.13

35

Low molecular weight

4.69

40

Low molecular weight

8.2

50

Low molecular weight

14.21

30

High molecular weight

78.13

In each point the settling rate can be calculated by
using the value of the first derivative of h(t). The
critical point is located at a point where the
second derivative of h(t), is equal to 0.1.
Additionally, averaging the values of the first
derivative of h(t), for t=0 and t=0.029CPt, results
in the initial slope of the settling curve.
Furthermore, an index Ii, is introduced and can be
used to compare the settling curves quantitatively.
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performed by varying conditions using iron,
copper, coal, lead and zinc, the mathematical
model h(t) proved to be beneficial in defining a
variety of the settling curves, considering R2 and
adjusted R2 as verification criteria. This model
which is a modified version of Banisi and
Yahyaei[28] can be used to calculate the settling
rate of interface, critical point and initial slope of
any settling curve. Results indicated that in very
short time after the start of settling tests, settling
velocity in most cases reach to a maximum value.
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