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 This research work provides a bearing capacity equation for a circular footing 
placed on dense sand overlying loose sand and subjected to vertical and inclined 
loading, utilizing the limit equilibrium followed by the projected area approach. For 
the parametric study, the variables include upper dense sand layer thickness ratio (0.5 
to 2.00), friction angle of upper dense sand (41° to 45°) and lower loose sand layer 
(31° to 35°), and applied load inclination (0° to 30°). The highest and lowest 
increases in bearing capacity are reported for friction angle combinations of 45°–35° 
and 41°–31° for various thickness ratios, respectively. For load inclinations of 0°, 
10°, 20°, and 30°, bearing capacity is reduced by 43.51%, 72.17%, 85.64%, and 
22.62%, 48.56%, 62.17% for friction angles of upper dense and lower loose sand 
layer combinations of 45° and 35° and at a thickness ratio of 0.5 and 2.0. 
Considering finite element results, the average deviation of the bearing capacity 
derived from the suggested equation at surface footing is 7%, 5%, 22%, and 23% for 
0°, 10°, 20°, and 30° load inclinations, respectively. The proposed bearing capacity 
equation yield results that are compared with the available literature, with average 
deviations of 62%, 50%, 36%, and 36% for load inclination values of 0°, 10°, 20°, 
and 30°, respectively. 
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1. Introduction 
The superstructure's load is transferred to the 

soil beneath it via the footing. A footing's depth-
to-width ratio defines whether it is shallow or 
deep. The load must be transferred beneath the 
footing in such a way that settling and shear 
failure are avoided. The behaviour of footings in 
layered soils is extremely complex and has been a 
source of concern for decades. Several researchers 
investigated the behaviour of footings in 
homogenous soft soils, and several design 
approaches were created to determine the eventual 
bearing capacity. The researchers have 
documented a number of studies in the literature 
[1-4]. 

The majority of bearing capacity calculations 
found in the literature assumes homogeneous soil 
deposits beneath the footing base. However, in 
actuality, soil mass is heterogeneous and 
anisotropic. The problem of determining the 
ultimate bearing capacity can be solved by 

utilising the analytical and experimental methods. 
In the analytical method, the plasticity theory and 
finite elements can be utilised, but in the 
experimental method, many types of models and 
prototypes can be explored. 

Evaluate the bearing capacity of footings 
subjected to vertical or inclined loads on single 
layer or layered soils [5] [6] [7].Under vertical 
load, the researchers examined the bearing 
capacity of strip and circular footings on layered 
soil (dense sand over loose sand) [8-10].  

The vertical load bearing capacity of the strip 
footing, the circle footing, and the 
square/rectangular footing on the layered soil 
(dense sand over soft clay, stiff clay over soft 
clay, stiff over soft clay, stiff over loose sand) was 
evaluated [1] [11-15].. 

The limit equilibrium method was used to 
determine the bearing capacity of the strip and 
circular footings under vertical and inclined loads. 
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Using the punched shear coefficient for vertical 
and inclined loading, an equation was proposed 
for the ultimate bearing capacity of strip and 
circular footings on layered soil (dense sand over 
loose sand). However, the findings of were 
overestimates the bearing capacity at greater 
depths [1] [2] [16] [17]. 

Estimate the bearing capacity of strip, circular, 
and square or rectangular footings on layered soil 
under vertical loading using the projected area 
method [11]. In order to predict the ultimate 
bearing capacity for strip, circular, and 
square/rectangular footings on layered soil (dense 
sand over soft clay) using punching shear 
coefficients, load dispersion angles, and soil 
properties under vertical loading, it was found that 
a proposed equation overestimated the bearing 
capacity in comparison to previous studies [18] 
[14] [19]. 

Recent finite element modelling has been 
utilised to evaluate the bearing capacity of strip, 
circular, square, and rectangular footings over 
layered soil (dense sand over loose sand, dense 
sand over soft clay, soft clay over dense sand, and 
soft clay over stiff clay) [13] [8] [20-22].  

This work focuses on the fact that no equation 
of ultimate bearing capacity for circular footings 
subjected to vertical and inclined loads has been 
published, particularly for layered soils (dense 

sand over loose sand). Consequently, utilising the 
punching shear mechanism and limit equilibrium 
approach, the current work derived an equation 
for the bearing capacity of circular footings on 
dense sand overlying loose sand under vertical 
and inclined loading. Using finite element 
analysis, the load distribution mechanism in the 
upper dense sand layer was chosen to obtain an 
accurate estimate of bearing capacity. The bearing 
capacity of the circular footing over layered sand 
was computed for different friction angles of the 
upper dense and lower loose sand layers, load 
inclination, and different upper dense sand layer 
thicknesses at the surface footing. The results 
obtained were compared to those in the scientific 
literature. 

2. Methodology 
As shown in Figure 1., the bearing capacity of a 

circular foundation is analysed. The footing has a 
radius of r1 (or a diameter of D), and H is the 
distance from the base of the footing to the 
interface between dense and loose sand. The 
various soil properties for dense sand and loose 
sand are ϒ1, ϕ1, and ϒ2, ϕ2 respectively. The 
assumption was that the load from the footing 
would spread through the upper dense sand to the 
lower loose sand.  

 
Figure 1. Assumed failure surface for circular footing under vertical and inclined loading. 
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The footing is placed on the soil surface and the 
embedded depth of the footing is considered as ‘u’ 
in the equation. It was assumed that the passive 
pressure (Pp) acted on the failure surface at an 
angle of normal to the failure surface. It was 
assumed that the failure occurred at the interface 
between the upper dense and lower loose sand 
layers. Figure 1.shows a plan view of the assumed 
punched shear failure mechanism, followed by the 
projected area approach under vertical and 
inclined loading (qu) for the circular footing with 
load dispersion angles of α2 and α3 across and α4 
and α5 along the diameter of the footing. The 
following are the assumptions made for 
mathematical derivation. 

1. It is considered that the upper dense sand layer 
of the footing provides a rigid and rough base. 

2. It is assumed that the sand layers meet the 
ground at a horizontal interface. 

3. The water table effect on the circular footing 
ultimate bearing capacity was ignored in the 
study. The water table was predicted to be 
located far below the layer of loose sand below 
it.  

4. With a friction angle of ϕ1 for the upper dense 
sand layer and ϕ2 for the lower loose sand layer, 
both should have been completely drained.  

5. It is assumed that over the failure surface, the 
shear strength of both the top dense sand and the 
lower loose sand is fully mobilised.  

6. According to [2], passive pressure is assumed to 
be constant around the entire modelled region. 

7. In the middle of the circular footing, a load (qu) 
is acting at an angle of load inclination (α1). 

  
(a) (b) 

Figure 2. Under vertical and inclined loading, the diagram shows the stress distribution along and across the 
diameter. 

In addition, a frustum of thickness dz is 
considered in the analysis, as illustrated in Figure 
2, at a distance z from the centre of the circular 
footing. Figure 2. depicts the numerous forces that 
were taken into account during the analysis of this 
frustum. Total passive earth pressure (Pp) acts on 
the punching surface create by the circular footing 
in dense sand, and this pressure is dPpv at an angle 
δ to the horizontal as it acts on the curving surface 
of the frustum of thickness dz. The concept of 
passive pressure being inclined originates from 
the fact that it effectively resists the load that is 
being applied to the soil by the foundation. The 
vertical force exerted on the top and bottom of a 
dz-thick frustum is denoted by σ and σ+dσ, 

respectively. The frustum with a thickness of dz 
exerts a downward force due to its own self-
weight.  

According to the limit equilibrium concept, the 
total upward-pointing force is assumed to be zero. 

ƩFv=0 
– (ଵଶݎߨ)ߪ ߪ)  + (ߪ݀  × ଵݎ)ߨ  +   – ଵ)ଶݎ݀

(1) 
݀ ௣ܲ௩ +  ݖ݀ߨଵߛ 

   ଵݎ3)
ଶ +   ଵݎ݀ 

ଶ + (ଵݎ݀ ଵݎ3
3 = 0 

 
where, γ1 is the unit weight of dense sand in the 

thickness dz frustum 
dPp in vertical direction is dPpvsinδ 
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݀ ௣ܲ௩ = ݀ ௣ܲ (ܵ݅݊ ߜ) 

݀ ௣ܲ௩ = ଵߛ௣ܭ  ൬ݑ + ݖ +
ݖ݀
2
൰ቂ
ߨ
4

ଵݎ2) + ଶߙ ܿ݁ܵ ݖ݀(ଵݎ݀

+
ߨ
4

ଵݎ2) + ଷߙ ܿ݁ܵ ݖ݀(ଵݎ݀

+ 
ߨ
2

ଵݎ2) + ସቃߙ ܿ݁ܵ ݖ݀(ଵݎ݀  ߜ ݊݅ܵ

 
Expanding Equation (1) and neglecting the 

smaller quantities such as –σπdr1
2, –dσπdr1

2, –
dσ2πr1dr1, γ1πdz dr1

2/3, γ1πdzr1 dr1. As dσ, dr1, dz 
were small quantities, the product or square of 
these quantities was very small as a result of 
Equation (2). 
ߪ) –(ଵଶݎߨ) + ଵଶݎߨ)(ߪ݀ + ଵଶݎ݀ߨ + (ଵݎଵ݀ݎߨ2  − ݀ ௣ܲ௩  

+ 
   ଵݎ3)

ଶ ݖ݀ߨଵߛ +   ଵݎ݀ ݖ݀ߨଵߛ
ଶ + (ݖ݀ߨଵߛଵݎ݀ ଵݎ3

3
= 0 

 
(ଵݎଵ݀ݎߨ2)ߪ− − ଵଶݎߨߪ݀  − dP୮୴ +  rଵ   

ଶ γଵπdz = 0 (2) 

 
Putting the value of dPpvsinδ in Equation (2), 

solving and neglecting the smaller quantities 
Kpγ1udr1 dz secα1 sinδ/4, Kpγ1zdr1 dz secα1 sinδ/4, 
Kpγ1udr1 dz2 secα1 sinδ/8, Kpγ1udr1 dz secα2 sinδ/4, 
Kpγ1zdr1 dz secα2 sinδ/4, Kpγ1udr1 dz2 secα2 sinδ/8, 
Kpγ1udr1 dz secα3 sinδ/2, Kpγ1zdr1 dz secα3 sinδ/2, 
Kpγ1udr1 dz2 secα3 sinδ/4. As dr1, dz were small 
quantities, the product or square of these 
quantities was very small as a result of Equation 
(3). 

 

(ଵݎଵ݀ݎߨ2)ߪ− − ଵଶݎߨߪ݀  − ൤
ଵݎߨଵߛ௣ܭ2

4 ଶߙ ܿ݁ܵ ݖ݀ݑ +  
ଵݎߨଵߛ௣ܭ2

4 ଷߙ ܿ݁ܵ ݖ݀ݑ + 
ଵݎߨଵߛ௣ܭ2

2 ସ൨ߙ ܿ݁ܵ ݖ݀ݑ ߜ ݊݅ܵ −  

(3) 
൤
ଵݎߨଵߛ௣ܭ2

4 ଶߙ ܿ݁ܵ ݖ݀ݖ + 
ଵݎߨଵߛ௣ܭ2

4 ଷߙ ܿ݁ܵ ݖ݀ݖ +  
ଵݎߨଵߛ௣ܭ2

4 ସ൨ߙ ܿ݁ܵ ݖ݀ݖ ߜ ݊݅ܵ + ݖଵଶ݀ݎߨଵߛ  = 0 

 
Dividing Equation (3) by πr1

2, results in Equation (4). 
 

ଵݎ݀ߪ2−
ଵݎ

− ߪ݀ − ൤
ݑଵߛ௣ܭ

ଵݎ2
ଶߙ ܿ݁ܵ ݖ݀ +  

ݑଵߛ௣ܭ
ଵݎ2

ଷߙ ܿ݁ܵ ݖ݀ +  
ݑଵߛ௣ܭ

ଵݎ2
ସ൨ߙ ܿ݁ܵ ݖ݀  ߜ ݊݅ܵ

(4) 
−൤ 

ݖଵߛ௣ܭ
ଵݎ2

ଶߙ ܿ݁ܵ ݖ݀ + 
ݖଵߛ௣ܭ

ଵݎ2
ଷߙ ܿ݁ܵ ݖ݀ +  

ݖଵߛ௣ܭ
ଵݎ2

ସߙ ܿ݁ܵ ݖ݀  ൨ ߜ ݊݅ܵ + ݖଵ݀ߛ  = 0 

 
Neglecting the smaller quantities from Equation 

(4), -2σdr1/r1 and rewriting the Equation (5) since 
r1 is greater than dr1, the term dr1/r1 is very less 
and the product of dr1/r1 and -2σ is also very less 
compared to the other terms in Equation (5), so it 
can be ignored.  

ߪ݀− − 
ݖଵߛ௣ܭ

ଵݎ2
ଶߙ ܿ݁ܵ] ߜ ݊݅ܵ ݖ݀ + ଷߙ ܿ݁ܵ  +  [ସߙ ܿ݁ܵ 

(5) 
− 
ݑଵߛ௣ܭ

ଵݎ2
ଶߙ ܿ݁ܵ ] ߜ ݊݅ܵ ݖ݀ + ଷߙ ܿ݁ܵ  +  [ସߙ ܿ݁ܵ 

ݖଵ݀ߛ + = 0 

Indefinite integrating of Equation (5) 
 
 
 
 
 

ߪ =  −
ଶݖଵߛ௣ܭ

ଵݎ2
ଶߙ ܿ݁ܵ] ߜ ݊݅ܵ  + ଷߙ ܿ݁ܵ  +  [ସߙ ܿ݁ܵ 

(6) 

− 
ݖݑଵߛ௣ܭ

ଵݎ2
ଶߙ ܿ݁ܵ] ߜ ݊݅ܵ  + ଷߙ ܿ݁ܵ  + ݖଵ݀ߛ [ସߙ ܿ݁ܵ  + ܿ 

where c is integration constant and value of c is 
determined by applying the boundary condition in 
Equation (6) 

1. At σ = qu, z = 0, r1 = D/2, putting the 
values in Equation (6) 

C = qu or qu.cosα1  

where, qu or qu.cosα1 is the ultimate load 
bearing capacity of the circular footing in the 
layered sand. 

2. At σ = qb or qb. cosα1, z = H, r1 = 
D/2+H(tanα2+tanα2+2tanα3), putting the values 
in Equation (6) result in Equation (7). 
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௨ݍ = ௕ݍ  + ൤ ߜ ݊݅ܵ ଶܪଵߛ௣ܭ 
1

ଶߙ ݏ݋ܥ ܦ + ଶߙ ݊݅ܵ ܪ2 
+  

1
ଷߙ ݏ݋ܥ ܦ + ଷߙ ݊݅ܵ ܪ2 

+  
1

ସߙ ݏ݋ܥ ܦ + ସߙ ݊݅ܵ ܪ2 
൨  

(7) 

൤ ߜ ݊݅ܵ ܪݑଵߛ௣ܭ +
1

ଶߙ ݏ݋ܥ ܦ + ଶߙ ݊݅ܵ ܪ2 
+  

1
ଷߙ ݏ݋ܥ ܦ + ଷߙ ݊݅ܵ ܪ2 

+ 
1

ସߙ ݏ݋ܥ ܦ + ସߙ ݊݅ܵ ܪ2 
൨    ܪଵߛ −

 

where, qb or qb.cosα1 is the bearing capacity of 
the lower loose sand layer. qu.cosα1 and qb.cosα1 is 
the vertical component of the bearing capacity qu 
and qb respectively in the derivation. The bearing 
capacity of the lower loose sand layer is 
calculated by using the IS code- 6403 (1981). 

௕ݍ = ݑ)ଵߛ  + (ܪ ௤ܰమܵ௤మ݀௤మ݅௤మ  
(8) 

ఊమܵఊమ݀ఊమܰܦଶߛ0.5 + ݅ఊమ   

where, γ1 and γ2 is the unit weight of the upper 
and lower sand layer, u embedded depth of the 
footing (if applied), Nq2, Nγ2, Sq2, Sγ2, dq2, dγ2 and 
iq2, iγ2 were bearing capacity factors, shape, depth 
and inclination factors. As per (23), the values of 
Nq2, Nγ2 are given in the code remaining factors 
values are as follow: 

 

ܵ௤మ = 1.2 

ܵఊమ = 0.6 

݀௤మ =  ݀ఊమ = 1 + 0.1
௙ܦ
ܦ ටܰఝ 

݅௤మ = (1 −
ଵߙ
90°)ଶ 

݅ఊమ =  (1 −
ଵߙ
߮ଶ

)ଶ  

for circular footing 

 
Further simplification and rearranging Equation 

(7) result in Equation (9). 
 

௨ݍ = ௕ݍ  + ൤ ߜ ݊݅ܵ ܪଵߛ௣ܭ 
1

ଶߙ ݏ݋ܥ ܦ + ଶߙ ݊݅ܵ ܪ2 
+  

1
ଷߙ ݏ݋ܥ ܦ + ଷߙ ݊݅ܵ ܪ2 

+  
2

ସߙ ݏ݋ܥ ܦ + ସߙ ݊݅ܵ ܪ2 
൨ (ܪ + (ݑ  (9) ܪଵߛ −

 
The ultimate bearing capacity (qu) calculated 

according to Equation (9) is only valid up to the 
bearing capacity of the upper sand layer, after 
which the bearing capacity remains constant and 
is mostly dependent on the upper dense sand 
layer. The bearing capacity of a circular footing 
on layered sand under an inclined load depends on 
the thickness of the dense sand layer (H), the unit 
weight and friction angle of the upper dense (ϒ1, 
ϕ1) and lower loose (ϒ2, ϕ2) sand layers, the 
diameter of the footing (D), and the load 
inclination (α1) relative to the vertical. It is 
important to note that the angles α2, α3, α4, and α5 
connected to the load distribution system also 
depend on the aforementioned parameters. In the 

present work, in order to obtain a realistic 
estimate of bearing capacity using the limit 
equilibrium approach, the magnitude of all load 
spread angles for surface (α2, α3, α4, and α5) was 
estimated by means of finite element analysis in 
the Plaxis-3D software. 

For the numerical investigation, the angle of 
load inclination (α1) was applied from 0° to 30° at 
10° intervals. In the analysis, the effect of soil 
density was evaluated. According to [24], the 
relationship between the unit weights and friction 
angles utilised for modelling was evaluated for the 
upper dense and bottom loose sand layers and is 
shown in Table 1.  

Table 1. Soil properties of upper and lower soil layers. 
ϕ1 (Degree) ϒ1 (kN/m3) ϕ2 (Degree) ϒ2 (kN/m3) 

41° 19.5 31° 19.5 
42° 20 32° 20 
43° 20.5 33° 20.5 
44° 21 34° 21 
45° 21.5 35° 21.5 

 



Pratap Singh and Kumar Roy Journal of Mining & Environment, Vol. 13, No. 4, 2022 
 

1020 

A numerical study was carried out for various 
thickness ratios (H/D) ranging from 0.5 to 2.00 
[21] provide further information on the numerical 
investigation. It is important to mention that a 
finite element analysis was performed on the 
footing surface. As shown in Figure 3., the failure 
surface movement varies with load inclination in 
the form of vectorial surface displacement. Under 
an inclined load, the failure surface of the circular 
footing resting on upper dense sand overlying 
lower loose sand was observed to angle α2 and α3 

along the loading, but angles α4 and α5 were 
observed to be the same across the loading on the 
surface footing. Figure 4 shows the load spread 
angles α2, α3, α4 and α5 along and across the 
circular footing's load. As indicated in Figure 4., 
all load spread angles were measured with respect 
to the vertical axis in the direction of load 
inclination. Table 2 illustrates the relationship 
between the load spread angle (α1) and the 
thickness ratio (H/D). 

   
(a) (b) (c) 

   
(d) (e) (f) 

  
(g) (f) 

Figure 3. Vectorial displacement failure (a), (b), (c), and (d) along the loading and (e), (f), (g) and (h) across the 
loading surface footing, under a load inclination of 0° to 30°. 
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(a) (b) 

Figure 4. Load spread angle along and across the loading of the circular footing. 

Table 2. Variation of load spread angle with thickness ratio and load inclination. 

H/D α1 (Deg.) 
α1 at u=0 

α2 

(Deg.) 
α3 

(Deg.) 
α4= α5 

(Deg.) 
0.5 

0° 

10 10 10 
1.0 15 15 15 
1.5 12 12 12 
2.0 10 10 10 
0.5 

10° 

30 -25 10 
1.0 20 -30 12 
1.5 22 -12 10 
2.0 15 -8 15 
0.5 

20° 

45 -30 10 
1.0 35 -40 13 
1.5 24 -20 10 
2.0 28 -24 17 
0.5 

30° 

60 -50 12 
1.0 50 -40 14 
1.5 35 -30 12 
2.0 40 -35 20 

 
Equations describing the surface footing's load 

spread angle variation with thickness ratio, load 
inclination, and soil friction ratio were presented 
as Equation (10). It is important to note that the 
load spread angles was considered negative when 
measured to the left of the vertical axis, and 
positive when measured to the right. For surface 
footing u=0, 

α2 = a× (H/D) + b × α1 + c × (ϕ2/ϕ1);  

(10) 

(a = -0.219, b = 1.35, c = 0.644) 

α3 = a× (H/D) + b × α1 + c × (ϕ2/ϕ1);  
(a = -0.157, b = 1.085, c = 0.0.483) 

α4 and α5 = a × (H/D) + b × α1 + c×( ϕ2/ϕ1);  
(a = 0.089, b = 0.190, c = 0.051) 

 

3. Validation using FEM results 
In the finite element modelling (FEM) 

application Plaxis 3d, two layers of a soil model 
are designed. The model depicts the top layer as 
consisting of dense sand with a depth of H, the 
bottom layer as consisting of loose sand with a 
depth of H' (representing an infinite depth), and D 
as the diameter of the circular footing. The ratio 
H/D ranges from 0.5 to 2.0. A circular footing is 
placed in the centre of the model, and loading is 
done so in the footing (vertical as well as inclined 
loading). The horizontal dimensions are 
maintained so that the boundary effect brought on 
by loading can be eliminated 5D. 

According to [21], a numerical analysis was 
conducted to calculate the load spread angles α2, 
α3, α4 and α5 for the surface footing (u = 0). The 
proposed Equation (9) is also dependent on these 
angles of load distribution. Numerical research 
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was undertaken to validate the proposed equation 
for varied thickness ratios (0.5 to 2.0), load 
inclination (0° to 30°), and friction angles of the 
upper dense (41° to 45°) and lower loose (31° to 
35°) sand layers under an inclined load. The 
comparison of the results for the specific 
parameters of the friction angles, thickness ratio, 
and load inclination at surface footing was 

reported in Table 3. Studying Table 3 
demonstrates that as the inclination of the load 
increased from 0° to 30° degrees, the proposed 
equation yielded identical findings to the finite 
element analysis. Regarding the FEM results, the 
average standard deviation was found to be 
22.32%, 25.26%, 36.92%, and 45.77% at an angle 
of 0°, 10°, 20°, and 30° respectively.  

  
Figure 5. Circular footing resting on layered sand used in the FEM analysis. 

The difference between the numerical and 
mathematical results can be explained by the fact 
that the bearing capacity found by numerical 
research matched a peak in the pressure relative 
settlement plot or was found by the double tangent 
approach. 

4. Results and Discussion 
4.1. Effect of thickness ratio and sand friction 
angle on bearing capacity 

In order to evaluate the effect of the thickness 
ratio and friction angle on the bearing capacity, 
the results were plotted in Figure 5., 
corresponding to upper dense friction angles (41° 
and 45°) and lower loose sand (31°-35°) layer 
friction angles at varying thickness ratios (0.5 to 
2.00) for circular footings subjected to vertical 
loading. Figure 5. demonstrates that the bearing 
capacity increased as the thickness ratio increased 
from 0.5 to 2.0 for the combination of ϕ1 (41°) and 
ϕ2 (31°-35°). It may be due to the increase in 
thickness of the dense sand layer. In relation, a 
study of Figure 5 reveals that as the thickness 
ratio increases, the bearing capacity reaches the 
value of the upper dense sand's ultimate bearing 
capacity at a particular thickness ratio and remains 

constant for the rest of the thickness ratio, with 
similar behaviour observed for other combinations 
of thickness ratios. This is due to the fact that, 
beyond a given thickness ratio, the failure surface 
remains inside the upper dense sand layer, and no 
contribution was observed from the bottom loose 
sand layer. The pattern was the same for all ϕ1 and 
ϕ2 regardless of the thickness ratio. In addition, 
Figure 5. reveals that corresponding to ϕ1= 41 and 
ϕ2= 31, the surface footing bearing capacity 
obtained from the proposed equation for a 
thickness ratio of 0.5 was approximately 312.789 
kPa, which increased to 464.980, 718.197, and 
1065.830 kPa for thickness ratios of  1.0, 1.5, and 
2.0 respectively. It suggests that the bearing 
capacity for thickness ratios of 1.00, 1.5, and 2 
was approximately 0.32, 0.56, and 0.70 times its 
initial value. Figure 5. demonstrates that as the 
friction angle of the upper thick sand layer 
increased from 41° to 45°, the bearing capacity 
increased due to the rise in frictional resistance. 
Figure 5. shows that at surface footings with 
different thickness ratios, the highest and lowest 
increases in bearing capacity were found for 
friction angle combinations of 45°-35° and 41°-31°, 
respectively. 
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Table 3. Comparison of results with finite element analysis. 

H/D ϕ1, ϕ2 
(Degree) 

Bearing capacity, qu (kN/m2) 
α1 = 0° α1 = 10° α1 = 20° α1 = 30° 

Present 
equation 

FEM 
analysis 

Present 
equation 

FEM 
analysis 

Present 
equation 

FEM 
analysis 

Present 
equation 

FEM 
analysis 

0.5 

41,31 

312.79 270 164.794 182 79.27243 125 46.74 75 
1.0 464.98 350 310.250 330 202.5139 225 154.82 175 
1.5 719.20 650 559.091 585 429.4591 440 326.41 310 
2.0 1065.83 985 825.316 850 551.8388 580 415.29 445 
0.5 

43,31 

329.32 305 179.875 220 93.43018 160 59.63 105 
1.0 517.73 480 360.048 385 246.4229 260 193.94 215 
1.5 830.29 790 666.020 680 525.6027 545 405.52 435 
2.0 1255.31 1190 993.144 1050 677.5468 705 516.47 545 
0.5 

45,31 

349.69 345 198.483 245 110.9013 175 75.53 120 
1.0 582.50 540 421.207 440 300.3808 330 242.02 265 
1.5 966.43 920 797.065 820 643.4652 665 502.56 530 
2.0 1487.24 1390 1198.671 1245 831.6684 845 640.61 675 
0.5 

41,32 

343.06 310 183.498 190 86.11809 132 47.40 82 
1.0 495.25 450 328.954 350 209.3596 240 155.48 180 
1.5 749.47 720 577.795 610 436.3047 460 327.07 340 
2.0 1096.10 1040 844.020 875 558.6845 590 415.95 450 
0.5 

43,32 

359.59 350 198.580 235 100.2758 165 60.28 108 
1.0 548.00 515 378.752 410 253.2686 275 194.59 220 
1.5 860.56 820 684.724 715 532.4483 560 406.18 445 
2.0 1285.58 1220 1011.849 1060 684.3925 720 517.12 550 
0.5 

45,32 

379.96 380 217.187 255 117.7469 180 76.19 124 
1.0 612.77 565 439.912 450 307.2265 335 242.67 270 
1.5 996.70 935 815.769 830 650.3109 670 503.22 535 
2.0 1517.51 1440 1217.375 1260 838.514 860 641.27 680 
0.5 

41,33 

424.06 390 224.002 205 100.9256 138 48.73 85 
1.0 576.25 530 369.458 380 224.167 245 156.81 185 
1.5 830.47 780 618.299 630 451.1122 475 328.40 350 
2.0 1177.10 1120 884.524 910 573.492 615 417.28 460 
0.5 

43,33 

440.59 415 239.083 260 115.0833 170 61.61 110 
1.0 629.00 585 419.256 440 268.076 285 195.92 235 
1.5 941.56 860 725.228 740 547.2558 585 407.51 450 
2.0 1366.58 1280 1052.352 1080 699.2 735 518.46 560 
0.5 

45,33 

460.96 450 257.691 280 132.5544 190 77.52 125 
1.0 693.77 625 480.415 490 322.034 340 244.00 275 
1.5 1077.70 1020 856.273 840 665.1183 675 504.55 545 
2.0 1598.51 1520 1257.879 1280 853.3215 870 642.60 685 
0.5 

41,34 

462.64 425 245.888 265 111.1597 145 50.46 88 
1.0 614.83 580 391.344 425 234.4012 264 158.55 190 
1.5 869.05 815 640.185 650 461.3464 485 330.13 365 
2.0 1215.68 1180 906.410 925 583.7261 630 419.01 475 
0.5 

43,34 

479.17 450 260.970 295 125.3175 172 63.35 112 
1.0 667.58 625 441.142 460 278.3102 290 197.66 240 
1.5 980.14 935 747.114 775 557.49 590 409.24 460 
2.0 1405.16 1360 1074.239 1110 709.4341 745 520.19 565 
0.5 

45,34 

499.54 495 279.577 315 142.7886 194 79.26 128 
1.0 732.35 705 502.301 520 332.2681 350 245.74 280 
1.5 1116.28 1080 878.159 890 675.3525 690 506.29 550 
2.0 1637.09 1585 1279.765 1320 863.5557 890 644.33 690 
0.5 

41,35 

537.45 510 290.746 330 128.1978 150 53.69 90 
1.0 689.64 625 436.201 455 251.4393 274 161.77 192 
1.5 943.86 910 685.043 710 478.3845 505 333.36 370 
2.0 1290.49 1230 951.267 965 600.7642 635 422.24 480 
0.5 

43,35 

553.98 540 305.827 350 142.3556 175 66.58 114 
1.0 742.40 710 485.999 515 295.3483 325 200.89 245 
1.5 1054.95 1005 791.971 830 574.528 605 412.47 465 
2.0 1479.97 1435 1119.096 1140 726.4722 750 523.42 570 
0.5 

45,35 

574.35 565 324.435 360 159.8267 198 82.49 130 
1.0 807.17 775 547.159 580 349.3062 375 248.97 285 
1.5 1191.09 1125 923.016 945 692.3906 725 509.52 560 
2.0 1711.91 1660 1324.623 1350 880.5937 935 647.56 695 
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Figure 6. Plot of bearing capacity of surface circular footing with varying ϕ1 (41°-45°) and ϕ2 (31°-35°) at varying 

thickness ratio. 

4.2. Effect on load inclination on bearing 
capacity 

In order to examine the effect of load inclination 
on bearing capacity, the results for upper dense 
sand friction angle (41° to 45°) and lower loose 
sand friction angle (31° and 35°) at varying load 
inclination (0° to 30°) for thickness ratio (H/D = 
0.5 and 2.0) at surface footing were plotted in 
Figure 6. Figure 6. demonstrates that at thickness 
ratios of 0.5 and 2.0, as the load inclination 
increases from 0° to 30°, the bearing capacity 
decreases for all friction angle combinations. This 
may be attributed to the displacement of the 
failure surface in the direction of load application. 

Additionally, the vertical and horizontal 
displacements were observed to decrease and 
increase, respectively, resulting in footing failure. 
With ϕ1= 41° and ϕ2= 31° and a thickness ratio of 
0.5, the bearing capacity of surface footing 
determined from the proposed equation for a load 
inclination of 0° was about 312.786 kPa, which 
decreased to 164.794, 79.272 and 46.739 kPa for 
load inclinations of 10°, 20°, and 30°, respectively. 
It indicates that the bearing capacity at a load 
inclination of 10°, 20°, and 30° decreased by 
47.31%, 74.66%, and 85.06% of its initial value, 
respectively. 
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Figure 7. Plot of bearing capacity at surface footing with varying load inclination (α1= 0° to 30°) for soil 

combination of ϕ1 (41°-45°) and ϕ2 (31°, 33° and 35°) at thickness ratio of 0.5 and 2.0. 

4.3. Comparison 
The experimental results provided by [2] were 

compared with the equation's predicted results (9). The 
bearing capacity derived from equation (9) was 
calculated and compared to the results provided by [2] 
for circular footing. [2] determined the friction angle 
and unit weight of the upper dense and lower loose 
sand layers to be 47.5° and 34°, 16.33 kN/m3 and 13.78 
kN/m3, respectively. The comparison was represented 
in Figure 7. for a load inclination of 0°, 10°, 20°, and 
30° for varied surface thickness ratios (H/D). In 
comparison to [2] results, Figure 7. demonstrates that 

the values obtained from the suggested Equation (9) at 
smaller thickness ratios are conservative. For greater 
thickness ratios (> 0.5), the results obtained from the 
suggested Equation (9) were greater than those 
obtained from [2]. In comparison to the results given 
by [2], the average deviation in the results derived from 
the proposed equation (9) was around 62%, 50 %, 36 
%, and 36 % for thickness ratio H/D = 0.5 when the 
load inclination was 0°, 10°, 20° and 30° . All variations 
may be explained by the fact that [2] expected the load 
spread angle to be equal to the angle of load 
inclination. 
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Figure 8. Comparison of the circular footing at the surface with the literature. 

5. Conclusions 
In this work, the bearing capacity equation for a 

circular footing subjected to an inclined load and 
resting on layered sand (dense sand overlying 
loose sand) was derived using a well-known limit 
equilibrium methodology in combination with the 
load spread mechanism. The results of this 
investigation led to the following conclusions: 

1. At different thickness ratios, the bearing capacity 
increased the most when the friction angle was 45°-
35° and the least when it was 41°-31°. 

2. For ϕ1 = 41° and ϕ2 = 31°, and a thickness ratio of 
0.5 and 2.00, the bearing capacity at a load 
inclination of 0°, 10°, 20°, and 30° decreased by 
approximately 47.31%, 74.66%, 85.06%, and 
22.57%, 48.22%, 61.04% of its initial value, 
respectively.  

3. With ϕ1 = 45° and ϕ2 = 35°, and a thickness ratio 
of 0.5 and 2.00, the bearing capacity at a load 
inclination of 0°, 10°, 20°, and 30° decreased by 
approximately 43.51%, 72.17%, 85.64%, and 
22.62%, 48.56%, 62.17% of its initial value, 
respectively. 

4. Compared to the proposed equation estimations, 
the average deviation for load inclination values of 
0°, 10°, 20°, and 30° was 7%, 5%, 22%, and 23% for 
finite element results. 

5. The results obtained from the proposed bearing 
capacity equation were found to be equivalent to 
those reported in the literature, with average 
deviations of 62%, 50%, 36%, and 36% for load 
inclination values of 0°, 10°, 20°, and 30°, 
respectively. 
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List of symbols 

ϕ1, ϕ2  Soil friction angle for upper dense sand and Lower loose sand soil, in degree  
γ1, γ2  Unit weight of the upper dense sand soil and lower loose sand soil, kN/m3  
α2, α3, α4, and α5  Load spread angles along and across the diameter of the footing, in degree  
E1,E2  Elastic moduli for upper dense sand and lower loose sand layer  
υ1, υ2  Poisons ratio for upper layer and lower layer  
D Diameter of the footing 
dz  Small strip Thickness  
α1 Concentric load inclination angle with respect to vertical acting on the circular footing, in degree  
σ  Stress applied on the footing, kN/m2  
H  Thickness of the upper dense sand layer  
u  Depth of the embedded footing from ground surface  
Pp  Total passive earth pressure acting normal to the failure plane  
dPpv  Small passive earth pressure acting on small strip soil in vertical direction 
Kp  Passive earth pressure coefficient  
qu or quv cos α1 Ultimate load bearing capacity of the rectangular footing in the layered sand (vertical component)  
qb  Ultimate bearing capacity of lower loose sand  
iq , iϒ  Inclination factors  
Sߛ, Sq  Shape factors  
Nq, Nߛ  Bearing capacity  
dq, dߛ  Depth factors  
c  Constant of integration  
  Mobilised shearing resistance angle at failure, degree  ߜ
z Distance where small strip of soil lies below circular footing  
H/D  Thickness ratio  
ϕ2/ϕ1 Soil friction ratio  
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  چکیده:

بــا  رد،یــگیقــرار مــ داربیو شــ يعمــود يماسه متــراکم پوشــانده شــده و تحــت بارگــذار يکه بر رو يارهیدا هیپا کی يرا برا يباربر تیمعادله ظرف یقاتیکار تحق نیا
تــا  0,5( ییماســه متــراکم بــالا هیــلا خامتشامل نسبت ض رهایمتغ ،يمطالعه پارامتر ي. براکندیارائه م شده،ینیبشیمنطقه پ کردیبه دنبال رو ياستفاده از تعادل حد

 30تــا  0ر اعمــال شــده اســت. (بــا لیــدرجــه)، و تما 35درجه تــا  31( نییماسه سست پا هیدرجه) و لا 45درجه تا  41( ییاصطکاك ماسه متراکم بالا هی)، زاو2,00
مختلــف ضــخامت  يهــانســبت يدرجــه بــرا 31- 41درجــه و  35- 45 كاصــطکا هیــزاو يهابیترک يبرا بیبه ترت يباربر تیظرف شیافزا نیو کمتر نیشتریب درجه)

 ٪17/62 ،٪56/48 ،٪62/22 و ،٪64/85 ،٪17/72 ،٪51/43 يبــاربر تیــدرجــه، ظرف 30درجــه و  20درجــه،  10درجــه،  0بار  يهابیش يگزارش شده است. برا
 جیبــا در نظــر گــرفتن نتــا 2و  5/0درجه و با نســبت ضــخامت  35درجه و  45 يهاهیلا بی. ترکابدییکاهش م نییاصطکاك ماسه سست متراکم بالا و پا يایزوا براي

 بیــدرجــه بــه ترت 30درجــه و  20درجــه،  10درجه،  0بار  يها بیش يبرا یسطح هیدر پا يشنهادیحاصل از معادله پ يباربر تیانحراف ظرف نیانگیالمان محدود، م
 ریمقــاد يبــرا بیــدرصــد بــه ترت 36و  36، 50، 62انحرافات  نیانگیکه با م دهدیرا به دست م یجینتا يشنهادیپ يباربر تظرفی معادله. است ٪23 و 22٪ ،5٪ ،7٪
 .شد سهیدرجه، با مقالات موجود مقا 30درجه و  20درجه،  10درجه،  0بار  بیش

   .ياهیماسه لا بدار،یو ش يعمود يشده، بارگذار ینیبشیمنطقه پ کردیرو ،يارهیدا هیپا کلمات کلیدي:
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