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 The presence of pores and cracks in porous and fractured rocks is mostly 
accompanied by fluid flow. Poroelasticity can be used for the accurate modeling of 
many rock structures in the petroleum industry. The approach of the stress to the value 
of the fracture stress and the effect of pore pressure on the deformation of rock are 
among the effects of fluid on the mechanical behavior of the medium. Due to the 
deformation-diffusion property of porous media, governing equations, strain-
displacement, and stress-strain relationships can be changed to each other. In this 
study, constitutive equations and relationships necessary to investigate the behavior 
and reaction of rock in a porous environment are stated. Independent and time-
dependent differential equations for an impulse and point fluid source are used to 
obtain the fundamental solutions. Influence functions are obtained by using the shape 
functions in the formulation of the fundamental solutions and integrating them. To 
check the validity and correctness of provided formulation, several examples are 
mentioned. In the first two examples, numerical application and analytical solution are 
used at different times and in undrained and drained conditions. In times 0 (undrained 
response of medium) and 4500 seconds (drained response of medium), there is good 
coordination and agreement between the numerical and analytical results. In the third 
example, using the numerical application, a crack propagation path in the wellbore 
wall is obtained, which is naturally in the direction of maximum horizontal stress. 
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1. Introduction 
The boundary element method (BEM) is 

divided into two parts, indirect and direct [1]. In 
the indirect method, the solution is first executed 
for the singularities that satisfy the specified 
boundary conditions. The unknown parameters are 
then provided indirectly through the standard 
numerical techniques in terms of these singular 
solutions. The direct method can directly provide 
the unknown boundary parameters (stresses and 
displacements) based on the specified boundary 
conditions. In boundary element-based methods, 
since the governing differential equations are 
solved exactly in the domain of the problem, they 
result in high accuracy in the solutions. The BEM 
performs discretization at the boundaries, thus 
decreasing the dimensionality of the problem. This 

leads to a smaller system of equations that are very 
cost-effective, as it significantly decreases the 
information required for analysis.  

The Displacement Discontinuity Method 
(DDM) is an indirect boundary element method 
that is utilized for solving linear elastic fracture 
mechanics (LFEM) problems. The method was 
first introduced by Crouch and Starfield [2, 3]. In 
this method, stresses and displacements at a point 
are provided according to the normal and shear 
displacement discontinuities. Many studies 
illustrated how to use constant ordinary elements in 
DDM [4-6]. The main advantage of using these 
elements is their simplicity; however, they cannot 
correctly forecast the stresses and displacements in 
the field points adjacent to the boundaries. 
Moreover, the singularity changes 1/r0.5 and r0.5 in 
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the stresses and displacement equations, causing 
the calculation precision at the neighborhood of the 
crack tip to severely diminish [7]. In this regard, 
first-order [8, 9], second-order [10, 11], and third-
order [12, 13] elements have been utilized to 
conquer these problems and obtain more correct 
values of stresses and displacements along 
boundaries. Based on the strain elasticity stretching 
notion, Exadaktylos et al. also presented a new 
constant displacement discontinuity element 
formulation. This new method substantially makes 
better the accuracy of DDM without using higher-
order and crack-tip elements [14-16]. However, 
this formulation does not handle the crack tip 
singularities. Therefore, crack tip elements were 
presented to remove the obstacle [17]. To 
significantly improve the accuracy of analysis in 
crack problems, ordinary and crack tip higher-
order elements are used simultaneously. Yan et al. 
have presented constant crack tip elements to 
utilize in the DDM [18]; they developed the 
method of fatigue crack growth in structures 
having multiple cracks [19]. Li et al. have utilized 
a method composed of the constant element 
displacement discontinuity method and meshless 
procedures to amplify the crack in the static and 
cyclic loading conditions [20]. Discontinuities are 
the main flow channels in sub-surface rocks. 
Change in the fluid pressure causes matrix 
deformation and stress change; matrix 
deformation, in turn, causes fluid volume change 
and fluid pressure change. Possible fracture 
propagation leads to changes in pore pressure and 
stress in the whole field. Variations in pore 
pressure and stress at any point affect the fracture 
and induce fracture deformation. This makes media 
exhibit a strong coupling of mechanical and 
hydraulic behavior. To investigate this coupled 
hydro-mechanical behavior, the poroelasticity 
theory has been developed. Problems such as 
hydraulic fracturing [21-25], in-situ stress 
measurement [26-28], and geothermal [29-32] take 
place in sub-surface rocks that are mostly filled 
with discontinuities (such as faults) and pores. 
These discontinuities and pores can be saturated 
with water, oil, etc. These fluids can affect the 
stress (i.e. effective stresses due to the pore 
pressure effect) and displacement fields in rocks. 
Also pore fluid flow happens due to the pore 
pressure gradient in the rock. The flow can also be 
in response to variations in macroscopic stresses 
caused by natural factors [33]. In order to 
accurately model these coupled internal reactions, 
all of these couplings must be involved. The DDM 
has been coupled with other methods such as the 

FDM and the FEM to investigate the poroelastic 
effects of fracture [34-36]. For instance, Ji used the 
DDM to simulate discontinuity-propagation in 
porous media and coupled it with the FDM to 
simulate the fluid response. Yin et al. coupled the 
DDM and the FEM to study poroelastic effects in 
reservoirs. Bobet and Yu presented a closed-form 
solution of the crack-tip stress field [37]. They 
illustrated that the induced stresses during the 
draining of the media were higher than the stresses 
around the crack tip under pressure in a saturated 
media. Recently, many studies have focused on 
presenting a mathematical formulation or 
analytical solution for the hydraulic fracture 
problem in a porous rock [38-46]. Yaylacı et al. 
have used finite element and artificial intelligence 
to study contact problem and functionally graded 
materials [1–4]. 

The development of a new poroelastic 
numerical method is a significant contribution to 
the field of geomechanics, and has numerous 
applications in both academia and industry. This 
new method is unique compared to other numerical 
studies because it incorporates the effects of fluid 
flow and deformation of porous media in a single 
framework. The method can accurately capture the 
complex interactions between the fluid and solid 
phases of porous media, which is crucial for 
predicting the behavior of underground structures 
and oil reservoirs. Additionally, the new method 
allows for the simulation of both undrained and 
drained conditions, which is not commonly 
available in other numerical methods. This new 
method can be used to predict the deformation, 
stress, and fluid flow behavior of underground 
structures such as tunnels and dams, as well as the 
hydrocarbon extraction behavior in oil reservoirs. 
The originality of this method lies in its ability to 
provide accurate results for a wide range of 
applications in geomechanics and petroleum 
engineering, making it a valuable tool for 
researchers and practitioners in the field. In this 
study, governing equations of a porous medium are 
presented. Then the required fundamental solutions 
for the poroelastic first-order DDM are derived. 
After that, influence functions of first-order DDM 
in a poroelastic rock are introduced. Finally, 
validation of the new formulation is shown by 
citing two examples. 

2. Illustration of First-order Displacement 
Discontinuity  

A displacement discontinuity element of length 
2a along the x-axis is illustrated in Figure 1(a), 
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which is characterized by a total displacement 
discontinuity distribution uʓ.  Considering ux and  
uy components of the total displacement 
discontinuity uʓ to be constant and equal to Dx 

and Dy, respectively, in the interval (-a, +a) as 
illustrated in Figure 1(b), two displacement 
discontinuity element surfaces can be noted, one on 
the negative side of y and another one on the 
positive side y. 

  
(a) (b) 

Figure 1. a) Distribution of uʓ for totaldisplacement discontinuity element.  b) Components of the constant 
element. 

The displacement includes a constant change in 
value when crossing from one side of the 
displacement discontinuity element to the other 
side, which may be defined as: 

൜ݔܦ = ,ݔ)ݔݑ 0 −) − ,ݔ)ݔݑ 0 +)
ݕܦ = ,ݔ)ݕݑ 0 −) − ,ݔ)ݕݑ 0 +) (1) 

The positive sign convention of Dx and Dy is 
illustrated in Figure 1(b) and depicts that when the 
two surfaces of the displacement discontinuity 
overlap, Dy is positive, which causes a physically 
impossible situation. This conceptual difficulty is 
resolved by considering that the element has a 
finite thickness in its undeformed state, which is 
small evaluated to its length but bigger than Dy [3]. 

The first-order element displacement 
discontinuity formulation is based on the analytical 

integration of first-order shape functions of 
straight-line displacement discontinuity elements. 

Figure 2 (a) illustrates the linear displacement 
discontinuity distribution, which may be expressed 
in a total form as: 

Di(ʓ)=N1(ʓ)(Di)1+N2(ʓ)(Di)2i=x,y (2) 

where( ܦ௜)ଵ and (ܦ௜)ଶ is the first-order 
displacement discontinuities, and 

൜  ܰ1(ʓ)  =  −(ʓ −  ܽ2)/( ܽ1 +  ܽ2)
ܰ2(ʓ) = (ʓ − ܽ1)/(ܽ1 + ܽ2)  (3) 

are their first-order collocation shape functions. 
It should be considered that a first-order element 
has 2 nodes, which are the centers of the two 
elements within the path element [47]. 

  
Figure 2. Location of nodes for first-order displacement discontinuity elements. 

3. Characteristics of porous media 
The notion of first-order, isotropic 

poroelasticity was explained by Biot for modeling 
the reply of fluid-saturated porous solids [48] and 
was developed by other [49, 50]. According to the 

basic formula of Biot, the basic dynamic 
parameters of total stress σi j and pore pressure p 
along with their corresponding quantities, solid 
strain ei j = (ui,j + uj,i)/2 and variation of fluid 
volume per unit reference ʓ are considered here. A 
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fixed set of parameters for the first order isotropic 
notion is shear modulus G, drained and undrained 
Poisson ratios, which are, respectively, ν = (3K − 
2G)/2 (3K + G), νu= (3Ku − 2G)/2 (3Ku + 
G)(drained and undrained bulk moduli K and Ku), 
Skempton’s pore pressure coefficient S (ratio of 
induced pore pressure to change of confined 
pressure in undrained conditions), and 
permeability coefficient κ = k/μ (where k is 
intrinsic permeability and μ fluid dynamic 
viscosity) [48]. The governing equations of the 
first-order isotropic poroelasticity consist of the 
following [48]: 

• Constitutive equations: 

௜௝ߪ = ܩ2 ௜݁௝ +
ߥܩ2

1 − ߥ2 ௜௝݁ߜ −  (4) ݌௜௝ߜߙ

݌ = −
1)ܵܩ2 + (௨ߥ
3(1 − (௨ߥ2 ݁ +

−ଶ(1ܵܩ2 1)(ߥ2 + ௨)ଶߥ

௨ߥ)9 − −1)(ߥ (௨ߥ2 ʓ (5) 

• Equilibrium equations: 

௜௝,௝ߪ = ௜ܨ−  (6) 

• Darcy’s law 

௜ݍ = ௜,݌൫ߢ− − ௜݂൯ (7) 

• Continuity equation: 

߲ʓ
ݐ߲ + ௜ݍ ,௜ =  (8) ߛ

where in the above equations, e = eii is the 
volumetric strain, Fi = ρgi bulk body force (solid 
and fluid), gi gravity component in i direction, n 
porosity, qi specific discharge, ʓchange of fluid 
content, ρ = (1−n)ρs +ϕρf  bulk density, ρs and ρf 
solid and fluid part densities, respectively, fi= ρfgi 

fluid body force, γ fluid injection rate from the fluid 
source, and α is the Biot coefficient of effective 
stress, defined as: 

ߙ =
௨ߥ)3 − (ߥ

ܵ(1− 1)(ߥ2 +  ௨) (9)ߥ

The above can be combined to yield a set of 
field equations in terms of displacement and fluid 
content variation. Combining Equations (4) to (6) 
yields an elasticity equation with a fluid coupling 
term: 

௜ݑଶߘܩ +
ܩ

1− ௨ߥ2
݁,௜ −

1)ܵܩ2 + (௨ߥ
3(1 − (௨ߥ2 ʓ,௜ =  ௜ (10)ܨ−

Combining Equations (5), (7), and (8), and also 
using Equation (10) create the following diffusion 
equation: 
డʓ
డ௧
− ଶʓߘܿ = ௞ௌ(ଵାఔೠ)

ଷ(ଵିఔೠ) ௜ܨ ,௜ − ݇ ௜݂,௜ +  (11)         ߛ
where: 

ܥ =
2݇ܵଶ1)ܩ− 1)(ߥ + ௨)ଶߥ

9(1− ௨ߥ)(௨ߥ − (ߥ  (12) 

is a consolidation coefficient [50].The above 
equations can be utilized to obtain the needed 
solution for the first-order DDM in porous rock. 

4. Influence Functions of First-order 
Displacement Discontinuity Method in a 
Poroelastic Medium 

Appendix A presents the poroelastic solution of 
point plane strain displacement discontinuity [55, 
56]. Poroelastic influence functions for the first 
order can be obtained by distributing and 
integrating this solution over an element domain ߫ఒ 
located on the local s-axis (Figure 3). For example, 
utilizing the following integrals, it is possible to 
present the value of the stress in the local s 
direction caused by the shear displacement 
discontinuity. 

 
Figure 3. A first-order element in local coordinates. 

where: 
ଵ(௡ܦ) ଵܰ(ʓ)ߪଶଵଵ,(ܦ௡)ଶܰଶ(ʓ)ߪଶଵଵ,
ଵ(௡ܦ) ଵܰ(ʓ)ʘ(ߪଶଵଵ), and (ܦ௡)ଶܰଶ(ʓ)ʘ(ߪଶଵଵ) in 
these equations are the fundamental solutions, 
which are defined in Equations (A1) and (A2) of 
Appendix A and I = 2, j = k = 1. For the time-
independent and time-dependent influence 
functions, considering Equations (13) and (14) the 
complete set of integrals and their solutions is 
provided in Appendix B. 
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௬௫ௗ௦ߪ = ∫ ଵ(௦ܦ) ଵܰ(ʓ)ߪଶଵଵ݀ʓ+ାଶ௔భ
ିଶ௔భ

∫ ଶ(௦ܦ) ଶܰ(ʓ)ߪଶଵଵ݀ʓ
ାଶ௔మ
ିଶ௔మ

 = 

ܩ
−1)ߨ2 (௨ߥ ቈ

−1
ܽ න ቈ

ݔ)8 − ʓ)ݕସ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ݔ)4 − ʓ)ݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
ݔ) − ʓ)

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔భ

ିଶ௔భ
݀ʓ

+
1
2
න ቈ

ସݕ8

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ଶݕ4

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
1

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔భ

ିଶ௔భ
݀ʓ

+
1
ܽ
න ቈ

ݔ)8 − ʓ)ݕସ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ݔ)4 − ʓ)ݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
ݔ) − ʓ)

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔మ

ିଶ௔మ
݀ʓ

+
1
2න ቈ

ସݕ8

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ଶݕ4

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
1

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔మ

ିଶ௔మ
݀ʓ቉

= −
ܩ

1)ߨ4 − (௨ߥ ൥ቆ
ݔ) − ʓ)((ݔ − ʓ)ଶ + (ଶݕ3

ݔ)) − ʓ)ଶ + ଶ)ଶݕ ቇቤ
ʓୀିଶ௔భ

ʓୀାଶ௔భ
+ ቆ

ݔ) − ʓ)((ݔ − ʓ)ଶ + (ଶݕ3
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ቇቤ

ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

= −
ܩ

1)ߨ4 − (௨ߥ ቈቆ
ݔ) − 2ܽଵ)((ݔ − 2ܽଵ)ଶ + (ଶݕ3

ݔ)) − 2ܽଵ)ଶ + ଶ)ଶݕ −
ݔ) + 2ܽଵ)((ݔ + 2ܽଵ)ଶ + (ଶݕ3

+ݔ)) 2ܽଵ)ଶ + ଶ)ଶݕ ቇ

+ ቆ
ݔ) − 2ܽଶ)((ݔ − 2ܽଶ)ଶ + (ଶݕ3

ݔ)) − 2ܽଶ)ଶ + ଶ)ଶݕ −
ݔ) + 2ܽଶ)((ݔ + 2ܽଶ)ଶ + (ଶݕ3

ݔ)) + 2ܽଶ)ଶ + ଶ)ଶݕ ቇ቉  

(13) 

ʘߪ௬௫ௗ௦ = ∫ ଵ(௦ܦ) ଵܰ(ʓ)ʘ(ߪଶଵଵ)݀ʓ+ାଶ௔భ
ିଶ௔భ

∫ ଶ(௦ܦ) ଶܰ(ʓ)ʘ(ߪଶଵଵ)݀ʓାଶ௔మ
ିଶ௔మ

 =  

(14) 

௨ߥ)ܿܩ2 − (ߥ
1)ߨ −௨)(1ߥ− (ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ݔ)ൣ − ʓ)ଶ(3ݕଶ − ݔ) − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమ൧ߦ + ݔ)2 − ʓ)ସߦସ݁ିకమ൧ห

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ݔ)ൣ − ʓ)(3ݕଶ − ݔ) − ʓ)ଶ)ൣ1− (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 − ʓ)ଷߦସ݁ିకమ ൧ห

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ݔ)ൣ − ʓ)ଶ(3ݕଶ − ݔ) − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 − ʓ)ସߦସ݁ିకమ൧ห

ʓୀିଶ௔మ

ʓୀାଶ௔మ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ݔ)ൣ − ʓ)(3ݕଶ − ݔ) − ʓ)ଶ)ൣ1− (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 − ʓ)ଷߦସ݁ିకమ ൧ห

ʓୀିଶ௔మ

ʓୀାଶ௔మ ൨

=
௨ߥ)ܿܩ − (ߥ

−1)ߨ −௨)(1ߥ (ߥ ൤൬
1

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ −
1

+ݔ)) 2ܽଵ)ଶ + ଶ)ଷ൰ݕ

× ൬൤(ݔ − 2ܽଵ)(3ݕଶ − ݔ) − 2ܽଵ)ଶ)ൣ1− (1 + ݔ)ଶ)݁ିకమ൧+2ߦ − 2ܽଵ)ଷߦସ݁ିకమ൧

− ݔ)ൣ + 2ܽଵ)(3ݕଶ− ݔ) + 2ܽଵ)ଶ)ൣ1− (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 + 2ܽଵ)ଷߦସ݁ିకమ൧൯

+ ൬
1

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଶ)ଶ + ଶ)ଷ൰ݕ

× ൫ൣ(ݔ − 2ܽଶ)(3ݕଶ − ݔ) − 2ܽଶ)ଶ)ൣ1− (1 + ݔ)ଶ)݁ିకమ൧+2ߦ − 2ܽଶ)ଷߦସ݁ିకమ ൧

− ݔ)ൣ + 2ܽଶ)(3ݕଶ − ݔ) + 2ܽଶ)ଶ)ൣ1− (1 + +ଶ)݁ିకమ൧ߦ ݔ)2 + 2ܽଶ)ଷߦସ݁ିకమ ൧൯൨ 

 

5. Validation of the Proposed Formulation 
In the following, several examples of crack 

opening displacement (COD) and crack 
propagation are presented to investigate the 
performance and accuracy of the provided 
formulation. The first two examples show the crack 
opening displacement using analytical and 
numerical methods and compare the results. The 
third example shows the crack propagation path in 
the wellbore wall using the written code [58]. 

5.1. Crack opening displacement in undrained 
and drained conditions 

In this section, a combination of analytical and 
numerical examples is presented to validate 
provided formulation. Crack opening displacement 

(COD) is evaluated in these examples. Snowden's 
solution is used in the analytical part. The exact 
value of COD in Equation (15) can be computed 
[57]. 

ܦܱܥ = ඥܮଶ − ଶݔ
−1)ܫ2 (ߥ

ܩ
 (15) 

where I, ߥ, G, and L are the internal pressure, 
poisson coefficient, shear modulus, and crack 
length, respectively, and −ܮ ≤ ݔ ≤  .ܮ+

Figure 4 shows a thin crack with constant 
internal pressure I and length 2L. 

In the numerical part, the code written for 
poroelastic media [54] is used, because the 
calculation of influence functions is the last step 
before numerical implementation. Therefore, the 
correctness of the prepared formulation results in 
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providing a correct output of the numerical 
method. The following examples include two 
sections with undrained conditions and drained 
conditions. 

5.1.1. Crack opening displacement in 
undrained condition 

In general, the undrained response of the 
medium expresses the condition that the time 
required for fluid movement between rock 
elements by mass transfer is very short so that no 
mass transfer takes place. 

Among parameters that allow a better 
understanding of behavior from a poroelastic 
medium are Biot's coefficient and Skempton's 
coefficient. 

To check the correctness of the prepared 
formulation, crack opening displacement in 
poroelastic media is investigated. In this example, 
modeled crack length is one meter (the crack is 
horizontal and without an angle). The number of 
elements forming the crack is 20. The considered 
parameters for the model are given in Table 1. 

Numerical and analytical predictions of crack 
opening displacement are compared in Figure 5. As 

can be seen, analytical and numerical charts are in 
good agreement with each other. The error in 
estimating crack opening displacement for the 
first-order element mode  

is 1.15% lower than of constant element mode. 

5.1.2. Crack opening displacement in drained 
condition 

In general, a drained response occurs after a 
relatively long time, and shows a state in that fluid 
is not stationary in pores. As a result, deformation 
changes from a short time to a long time. 

The number of elements, length, and crack 
mode are the same as in the previous example. 

The considered parameters for the model are 
given in Table 2. 

Numerical and analytical predictions of crack 
opening displacement are compared in Figure 6. As 
can be seen, analytical and numerical charts are in 
good agreement with each other. The error in 
estimating crack opening displacement for the 
first-order element mode is 0.52% lower than for 
the constant element mode. 

Table 1. Parameters used in model analysis. 
Undrained Poisson ratio (νu) 0.29 
Skempton’s coefficient (S) 0.90 
Permeability (κ) (mdarcy) 1 
Biot’s coefficient (α) 0.67 
Generalized consolidation coefficient (c) (m2/s) 0.003 
Shear modulus(G) (GPa) 13 
Internal pressure (MPa) 25 
Time (s) 0 

Table 2. Parameters used in model analysis. 
Drained poisson ratio (ν) 0.1 
Skempton’s coefficient (S) 0.90 
Permeability (κ) (mdarcy) 1 
Biot’s coefficient (α) 0.67 
Generalized consolidation coefficient (c) 
(m2/s) 

0.003 

Shear modulus (G) (GPa) 13 
Internal pressure (MPa) 25 
Length of each time step (s) 0.05 
Time (s) 4500 

 
5.2. Effect of angle of initial cracks relative to 
in-situ stresses on crack propagation process in 
well wall 

The effect of the angle of the initial cracks on 
the crack propagation path is investigated under 
different insitu stresses. Figure 7 shows the 
overview of modeling. The considered parameters 
for the model are given in Tables 2 and 3. 
Naturally, the path of crack propagation should be 
in the direction of maximum horizontal stress (ߪு ), 
which is obtained in the three cases of Figure 8. 

 
 

Table 3. Parameters used in model analysis. 
α for the chart (a) (degree) 0 
ܫ ⁄ுߪ  for the chart (a) 1.2 
௛ߪ ⁄ுߪ  for the chart (a) 0.5 
α for chart (b) (degree) 30 
ܫ ⁄ுߪ  for chart (b) 1.5 
௛ߪ ⁄ுߪ  for chart (b) 0.6 
α for chart (c) (degree) 60 
ܫ ⁄ுߪ  for chart (c) 1.0 
௛ߪ ⁄ுߪ  for chart (c) 0.5 
R (radius of the wellbore) (meter) 0.5 
an (initial crack length) (meter) 1.0 
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Figure 5. Comparison of analytical and numerical 

(first-order poroelastic DDM formulation and 
constant poroelastic DDM formulation) results of 

COD in undrained conditions. 

Figure 6. Comparison analytical and numerical (first-
order poroelastic DDM formulation and constant 
poroelastic DDM formulation) results of COD in 

drained condition. 
 

 
Figure 7. An overview of the modeling of the effect 

of the angle of initial cracks along with in situ 
stresses on the crack propagation process in the well 

wall. 

 
Figure 8. Crack propagation path at different 

angles and in-situ stresses in well wall. 

6. Conclusions 

Fundamental solutions in the displacement 
discontinuity method (DDM) contribute a 
displacement jump since this method is suitable for 
problems including fractures and discontinuities. 
However, the basic DDM and its higher-order 
extensions are all confined to elastic problems. In 
geo-mechanics, many situations such as hydraulic 
fracturing, in-situ stress measurement, and 
geothermal take place in a poroelastic media.  

Because the porous media are affected by the 
deformation-diffusion reaction, it is necessary to 
utilize the theory of poroelasticity. The possibility 
of developing boundary element methods for 
porous media may be achieved when the 
fundamental solutions of poroelastic media are 
given. In order to derive the fundamental solutions 
for the porous first-order displacement 

discontinuity, the fundamental solutions of the 
first-order displacement discontinuity of the 
impulse point and the source were utilized. The 
fundamental solution makes the influence function 
in the final DDM formulation.  First, the 
fundamental solutions were derived. Then the first-
order shape functions were calculated. Finally, the 
shape functions of the fundamental solutions were 
integrated to calculate the influence functions. The 
validity of the new formulation was proved using 
the numerical application and analytical solutions. 
The results of numerical models were obtained at 0 
and 4500 seconds. The results of analytical models 
obtained utilizing the undrained and drained 
Poisson's ratio. These results, which are stated by 
citing two examples, show a good agreement and 
coordination between the numerical and analytical 
results. In the end, by mentioning another example, 
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the path of crack propagation in the well wall is 
demonstrated using the numerical application, 
which is consistent with the natural results. 
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Time-independent part of influence functions 
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−1
ܽ
න ቈ

ݔ)8 − ʓ)ଷݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ݔ) − ʓ)

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔భ

ିଶ௔భ
݀ʓ +

1
2
න ቈ

ݔ)8 − ʓ)ଶݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
1

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔భ

ିଶ௔భ
݀ʓ

+
1
ܽ
න ቈ

ݔ)8 − ʓ)ଷݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ݔ) − ʓ)

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔మ

ିଶ௔మ
݀ʓ

+
1
2න ቈ

ݔ)8 − ʓ)ଶݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
1

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔మ

ିଶ௔మ
݀ʓ቉ = 

ܩ
−1)ߨ4 (௨ߥ ൥ቆ

ݔ) − ʓ)(ݕଶ − ݔ) − ʓ)ଶ)
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ቇቤ

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+ ቆ
ݔ) − ʓ)(ݕଶ − ݔ) − ʓ)ଶ)

ݔ)) − ʓ)ଶ + ଶ)ଶݕ ቇቤ
ʓୀିଶ௔మ

ʓୀାଶ௔మ

൩ = 

ܩ
−1)ߨ4 (௨ߥ ቈቆ

ݔ) − 2ܽଵ)(ݕଶ − ݔ) − 2ܽଵ)ଶ)
ݔ)) − 2ܽଵ)ଶ + ଶ)ଶݕ −

ݔ) + 2ܽଵ)(ݕଶ − ݔ) + 2ܽଵ)ଶ)
ݔ)) + 2ܽଵ)ଶ + ଶ)ଶݕ ቇ

+ ቆ
ݔ) − 2ܽଶ)(ݕଶ − ݔ) − 2ܽଶ)ଶ)

ݔ)) − 2ܽଶ)ଶ + ଶ)ଶݕ −
ݔ) + 2ܽଶ)(ݕଶ − ݔ) + 2ܽଶ)ଶ)

ݔ)) + 2ܽଶ)ଶ + ଶ)ଶݕ ቇ቉ 

௬௬ߪ
ௗ௡,ఒ = ଵන(௡ܦ) ଵܰ(ݔ − ʓ)ߪଶଶଶ(ݔ − ʓ,ݕ)

ାଶ௔భ

ିଶ௔భ
݀ʓ + ଶන(௡ܦ) ଶܰ(ݔ − ʓ)ߪଶଶଶ(ݔ − ʓ,ݕ)

ାଶ௔మ

ିଶ௔మ
݀ʓ 

ܩ
−1)ߨ2 (௨ߥ ቈ

−1
ܽ න ቈ

ݔ)8 − ʓ)ݕସ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ݔ)4 − ʓ)ݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
ݔ) − ʓ)

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔భ

ିଶ௔భ
݀ʓ

+
1
2න ቈ

ସݕ8

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ଶݕ4

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
1

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔భ

ିଶ௔భ
݀ʓ

+
1
ܽ
න ቈ

ݔ)8 − ʓ)ݕସ

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ݔ)4 − ʓ)ݕଶ

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
ݔ) − ʓ)

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔మ

ିଶ௔మ
݀ʓ

+
1
2න ቈ

ସݕ8

ݔ)) − ʓ)ଶ + ଶ)ଷݕ −
ଶݕ4

ݔ)) − ʓ)ଶ + ଶ)ଶݕ −
1

ݔ)) − ʓ)ଶ + ଶ)቉ݕ
ାଶ௔మ

ିଶ௔మ
݀ʓ቉

= −
ܩ

−1)ߨ4 (௨ߥ ൥ቆ
ݔ) − ʓ)((ݔ − ʓ)ଶ + (ଶݕ3

ݔ)) − ʓ)ଶ + ଶ)ଶݕ ቇቤ
ʓୀିଶ௔భ

ʓୀାଶ௔భ
+ ቆ

ݔ) − ʓ)((ݔ − ʓ)ଶ + (ଶݕ3
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ቇቤ

ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

= −
ܩ

−1)ߨ4 (௨ߥ ቈቆ
ݔ) − 2ܽଵ)((ݔ − 2ܽଵ)ଶ + (ଶݕ3

ݔ)) − 2ܽଵ)ଶ + ଶ)ଶݕ −
ݔ) + 2ܽଵ)((ݔ + 2ܽଵ)ଶ + (ଶݕ3

ݔ)) + 2ܽଵ)ଶ + ଶ)ଶݕ ቇ

+ ቆ
ݔ) − 2ܽଶ)((ݔ − 2ܽଶ)ଶ + (ଶݕ3

ݔ)) − 2ܽଶ)ଶ + ଶ)ଶݕ −
ݔ) + 2ܽଶ)((ݔ+ 2ܽଶ)ଶ + (ଶݕ3

+ݔ)) 2ܽଶ)ଶ + ଶ)ଶݕ ቇ቉ 

(B.4) 
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௬௫ߪ
ௗ௡,ఒ = ଵන(௡ܦ) ଵܰ(ݔ − ʓ)ߪଶଵଶ(ݔ − ʓ,ݕ)

ାଶ௔భ

ିଶ௔భ
݀ʓ+ ଶන(௡ܦ) ଶܰ(ݔ − ʓ)ߪଶଵଶ(ݔ − ʓ,ݕ)

ାଶ௔మ

ିଶ௔మ
݀ʓ =

ܩ
−1)ߨ2 (௨ߥ

=
ܩ

1)ߨ4 − (௨ߥ ൥ቆ
ଶݕ)ݕ − ݔ) − ʓ)ଶ)
ݔ)) − ʓ)ଶ + ଶ)ଶቇቤݕ

ʓୀିଶ௔భ

ʓୀାଶ௔భ
+ ቆ

ଶݕ)ݕ − ݔ) − ʓ)ଶ)
ݔ)) − ʓ)ଶ + ଶ)ଶቇቤݕ

ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

=
ܩ

1)ߨ4 − (௨ߥ ቈቆ
ଶݕ)ݕ − ݔ) − 2ܽଵ)ଶ)
ݔ)) − 2ܽଵ)ଶ + ଶ)ଶݕ −

ଶݕ)ݕ − ݔ) + 2ܽଵ)ଶ)
ݔ)) + 2ܽଵ)ଶ + ଶ)ଶቇݕ

+ ቆ
ଶݕ)ݕ − ݔ) − 2ܽଶ)ଶ)
ݔ)) − 2ܽଶ)ଶ + ଶ)ଶݕ −

ଶݕ)ݕ − ݔ) + 2ܽଶ)ଶ)
ݔ)) + 2ܽଶ)ଶ +  ଶ)ଶቇ቉ݕ

(B.5) 

௫ܲ
ఒ = ଵන(௦ܦ) ଵܰ(ݔ − ʓ)݌ଵ(ݔ − ʓ,ݕ)݀ʓ

ାଶ௔భ

ିଶ௔భ
+ ଵන(௦ܦ) ଶܰ(ݔ − ʓ)݌ଵ(ݔ − ʓ,ݕ)݀ʓ

ାଶ௔మ

ିଶ௔మ

= −
1)ܩܤ + (௨ߥ
−1)ߨ3 (௨ߥ ቈ

−1
ܽ
න ቈ

ݔ)2 − ʓ)ଶݕ
ݔ)) − ʓ)ଶ + ଶ)ଶ቉݀ʓݕ

ାଶ௔భ

ିଶ௔భ
+

1
2
න ቈ

ݔ)2 − ʓ)ݕ
ݔ)) − ʓ)ଶ + ଶ)ଶ቉ݕ ݀ʓ

ାଶ௔భ

ିଶ௔భ

+
1
ܽ
න ቈ

ݔ)2 − ʓ)ଶݕ
ݔ)) − ʓ)ଶ + ଶ)ଶ቉ݕ ݀ʓ +

1
2
න ቈ

ݔ)2 − ʓ)ݕ
ݔ)) − ʓ)ଶ + ଶ)ଶ቉ݕ ݀ʓ

ାଶ௔మ

ିଶ௔మ

ାଶ௔మ

ିଶ௔మ
቉

= −
1)ܩܵ + (௨ߥ
1)ߨ6 (௨ߥ− ൥൬

ݕ
ݔ) − ʓ)ଶ + ଶݕ

൰ฬ
ʓୀିଶ௔భ

ʓୀାଶ௔భ
+ ൬

ݕ
ݔ) − ʓ)ଶ + ଶݕ

൰ฬ
ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

= −
1)ܩܵ + (௨ߥ
1)ߨ6 (௨ߥ− ൤൬

ݕ
ݔ) − 2ܽଵ)ଶ + ଶݕ −

ݕ
ݔ) + 2ܽଵ)ଶ + ଶ൰ݕ + ൬

ݕ
ݔ) − 2ܽଶ)ଶ + ଶݕ −

ݕ
ݔ) + 2ܽଶ)ଶ +  ଶ൰൨ݕ

(B.6) 

 
Time-dependent part of influence functions 

ʘߪ௬௬
ௗ௦,ఒ =

௨ߥ)ܿܩ2 − (ߥ
1)ߨ − −௨)(1ߥ (ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଷ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଷߦݕସ݁ିకమ൧หʓୀିଶ௔భ
ʓୀାଶ௔భ +

1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଶߦݕସ݁ିకమ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ +
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଷ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଷߦݕସ݁ିకమ൧หʓୀିଶ௔మ
ʓୀାଶ௔మ +

1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଶߦݕସ݁ିకమ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ൨

=
௨ߥ)ܿܩ − (ߥ

−1)ߨ −௨)(1ߥ (ߥ ൤൬
1

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଵ)ଶ + ଶ)ଷ൰ݕ

× ൤൫ݔ)3)ݕ − 2ܽଵ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమߦ ൧

− ݔ)2 − 2ܽଵ)ଶߦݕସ݁ିకమ൯−൫ݔ)3)ݕ + 2ܽଵ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 + 2ܽଵ)ଶߦݕସ݁ିకమ൯൧

+ ൬
1

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଶ)ଶ + ଶ)ଷ൰ݕ

× [൫ݔ)3)ݕ − 2ܽଶ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ

− ݔ)2 − 2ܽଶ)ଶߦݕସ݁ିకమ൯−൫ݔ)3)ݕ + 2ܽଶ)ଶ −ଶ)ൣ1ݕ− (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 + 2ܽଶ)ଶߦݕସ݁ିకమ൯൧൨ 

(B.7) 
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ʘߪ௫௫
ௗ௦,ఒ =

௨ߥ)ܿܩ2 − (ߥ
−1)ߨ (ߥ−1)(௨ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ൫ݕ)ݕଶ − ݔ)3 − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమ൧ߦ − ସ݁ିకమ൯หߦଷݕ2

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ൫ݕ)ݕଶ − ݔ)3 − ʓ)ଶ)ൣ1− (1 + ଶ)݁ିకమߦ ൧ − ସ݁ିకమ൯หߦଷݕ2

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ ൫ݕ

ଶݕ) − ݔ)3 − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమ൧ߦ − ସ݁ିకమ൯หߦଷݕ2
ʓୀିଶ௔మ

ʓୀାଶ௔మ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ ൫ݕ

ଶݕ) − ݔ)3 − ʓ)ଶ)ൣ1− (1 + ଶ)݁ିకమ൧ߦ − ସ݁ିకమ൯หߦଷݕ2
ʓୀିଶ௔మ

ʓୀାଶ௔మ൨

=
௨ߥ)ܿܩ (ߥ−

1)ߨ − (ߥ−1)(௨ߥ ቊൣ1− (1 + ଶ)݁ିకమߦ − ସ݁ିకమߦଷݕ2 ൧
ଶݕ)ݕ − ݔ)3 − 2ܽଵ)ଶ)
ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ

−
ଶݕ)ݕ − ݔ)3 + 2ܽଵ)ଶ)
ݔ)) + 2ܽଵ)ଶ + ଶ)ଷݕ −

ସ݁ିకమߦଷݕ2

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ +
ସ݁ିకమߦଷݕ2

ݔ)) + 2ܽଵ)ଶ + ଶ)ଷݕ

+ ൣ1− (1 + ଶ)݁ିకమߦ − ସ݁ିకమ൧ߦଷݕ2
ଶݕ)ݕ − ݔ)3 − 2ܽଶ)ଶ)
ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −

ଶݕ)ݕ − ݔ)3 + 2ܽଶ)ଶ)
ݔ)) + 2ܽଶ)ଶ + ଶ)ଷݕ

−
ସ݁ିకమߦଷݕ2

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ +
ସ݁ିకమߦଷݕ2

ݔ)) + 2ܽଶ)ଶ +  ଶ)ଷቋݕ

(B.8) 

ʘߪ௫௫
ௗ௦,ఒ =

௨ߥ)ܿܩ2 − (ߥ
−1)ߨ (ߥ−1)(௨ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ൫ݕ)ݕଶ − ݔ)3 − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమ൧ߦ − ସ݁ିకమ൯หߦଷݕ2

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ൫ݕ)ݕଶ − ݔ)3 − ʓ)ଶ)ൣ1− (1 + ଶ)݁ିకమߦ ൧ − ସ݁ିకమ൯หߦଷݕ2

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ ൫ݕ

ଶݕ) − ݔ)3 − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమ൧ߦ − ସ݁ିకమ൯หߦଷݕ2
ʓୀିଶ௔మ

ʓୀାଶ௔మ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ ൫ݕ)ݕଶ − ݔ)3 − ʓ)ଶ)ൣ1− (1 + ଶ)݁ିకమ൧ߦ − ସ݁ିకమ൯หߦଷݕ2

ʓୀିଶ௔మ

ʓୀାଶ௔మ൨

=
௨ߥ)ܿܩ (ߥ−

1)ߨ − (ߥ−1)(௨ߥ ቊൣ1− (1 + ଶ)݁ିకమߦ − ସ݁ିకమߦଷݕ2 ൧
ଶݕ)ݕ − ݔ)3 − 2ܽଵ)ଶ)
ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ

−
ଶݕ)ݕ − ݔ)3 + 2ܽଵ)ଶ)
ݔ)) + 2ܽଵ)ଶ + ଶ)ଷݕ −

ସ݁ିకమߦଷݕ2

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ +
ସ݁ିకమߦଷݕ2

ݔ)) + 2ܽଵ)ଶ + ଶ)ଷݕ

+ ൣ1− (1 + ଶ)݁ିకమߦ − ସ݁ିకమ൧ߦଷݕ2
ଶݕ)ݕ − ݔ)3 − 2ܽଶ)ଶ)
ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −

ଶݕ)ݕ − ݔ)3 + 2ܽଶ)ଶ)
ݔ)) + 2ܽଶ)ଶ + ଶ)ଷݕ

−
ସ݁ିకమߦଷݕ2

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ +
ସ݁ିకమߦଷݕ2

ݔ)) + 2ܽଶ)ଶ +  ଶ)ଷቋݕ

(B.9) 

ʘߪ௫௫
ௗ௡,ఒ =

௨ߥ)ܿܩ2 − (ߥ
1)ߨ − −௨)(1ߥ (ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)ൣ − ʓ)ଶ((ݔ − ʓ)ଷ − −ଶ)ൣ1ݕ3 (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 − ʓ)ଶݕଶߦସ݁ିకమ ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)ൣ − ʓ)((ݔ − ʓ)ଶ − −ଶ)ൣ1ݕ3 (1 + +ଶ)݁ିకమ൧ߦ ݔ)2 − ʓ)ݕଶߦସ݁ିకమ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)ൣ − ʓ)ଶ((ݔ − ʓ)ଷ − −ଶ)ൣ1ݕ3 (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 − ʓ)ଶݕଶߦସ݁ିకమ ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)ൣ − ʓ)((ݔ − ʓ)ଶ − −ଶ)ൣ1ݕ3 (1 + +ଶ)݁ିకమ൧ߦ ݔ)2 − ʓ)ݕଶߦସ݁ିకమ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ൨

=
௨ߥ)ܿܩ − (ߥ

−1)ߨ −௨)(1ߥ (ߥ ൤൬
1

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଵ)ଶ + ଶ)ଷ൰ݕ

× ൫ൣ(ݔ − 2ܽଵ)((ݔ − 2ܽଵ)ଶ − −ଶ)ൣ1ݕ3 (1 + ଶ)݁ିకమߦ ൧+2(ݔ − 2ܽଵ)ݕଶߦସ݁ିకమ൯
− ቀ(ݔ+ 2ܽଵ)((ݔ + 2ܽଵ)ଶ − −ଶ)ൣ1ݕ3 (1 + ଶ)݁ିకమ൧ቁߦ + ݔ)2 + 2ܽଵ)ݕଶߦସ݁ିకమቁ

+ ൬
1

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଶ)ଶ + ଶ)ଷ൰ݕ

× ൫ൣ(ݔ − 2ܽଶ)((ݔ − 2ܽଶ)ଶ − −ଶ)ൣ1ݕ3 (1 + ݔ)ଶ)݁ିకమ൧+2ߦ − 2ܽଶ)ݕଶߦସ݁ିకమ൯

− ቀ(ݔ+ 2ܽଶ)((ݔ+ 2ܽଶ)ଶ − −ଶ)ൣ1ݕ3 (1 + ଶ)݁ିకమߦ ൧ቁ+ ݔ)2 + 2ܽଶ)ݕଶߦସ݁ିకమቁ൨ 

(B.10) 
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ʘߪ௬௬
ௗ௡,ఒ =

௨ߥ)ܿܩ2 − (ߥ
−1)ߨ −௨)(1ߥ (ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)ൣ − ʓ)ଶ(3ݕଶ − ݔ) − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 − ʓ)ସߦସ݁ିకమ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ × ݔ)ൣ − ʓ)(3ݕଶ − ݔ) − ʓ)ଶ)ൣ1 − (1 + ଶ)݁ିకమ൧ߦ + ݔ)2 − ʓ)ଷߦସ݁ିకమ ൧ห

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)ൣ − ʓ)ଶ(3ݕଶ − ݔ) − ʓ)ଷ)ൣ1− (1 + ଶ)݁ିకమߦ ൧+ ݔ)2 − ʓ)ସߦସ݁ିకమ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ

+
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)ൣ − ʓ)(3ݕଶ − ݔ) − ʓ)ଶ)ൣ1 − (1 + ଶ)݁ିకమ൧ߦ + ݔ)2 − ʓ)ଷߦସ݁ିకమ ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ൨

=
௨ߥ)ܿܩ − (ߥ

1)ߨ − ௨)(1ߥ − (ߥ ൤൬
1

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ −
1

+ݔ)) 2ܽଵ)ଶ + ଶ)ଷ൰ݕ

× ൬൤(ݔ − 2ܽଵ)(3ݕଶ − ݔ) − 2ܽଵ)ଶ)ൣ1− (1 + ݔ)ଶ)݁ିకమ൧+2ߦ − 2ܽଵ)ଷߦସ݁ିకమ൧

− +ݔ)ൣ 2ܽଵ)(3ݕଶ − ݔ) + 2ܽଵ)ଶ)ൣ1 − (1 + ଶ)݁ିకమ൧ߦ + ݔ)2 + 2ܽଵ)ଷߦସ݁ିకమ ൧൯

+ ൬
1

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଶ)ଶ + ଶ)ଷ൰ݕ

× ൫ൣ(ݔ − 2ܽଶ)(3ݕଶ − ݔ) − 2ܽଶ)ଶ)ൣ1− (1 + ଶ)݁ିకమߦ ൧+2(ݔ − 2ܽଶ)ଷߦସ݁ିకమ൧

− +ݔ)ൣ 2ܽଶ)(3ݕଶ − ݔ) + 2ܽଶ)ଶ)ൣ1− (1 + +ଶ)݁ିకమ൧ߦ ݔ)2 + 2ܽଶ)ଷߦସ݁ିకమ ൧൯൨ 

(B.11) 

ʘߪ௬௫
ௗ௡,ఒ =

௨ߥ)ܿܩ2 − (ߥ
−1)ߨ −௨)(1ߥ (ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଷ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଷߦݕସ݁ିకమ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ +
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଶߦݕସ݁ିకమ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ +
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଷ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଷߦݕସ݁ିకమ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ +
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଶߦݕସ݁ିకమ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ൨

=
௨ߥ)ܿܩ − (ߥ

−1)ߨ −௨)(1ߥ (ߥ ൤൬
1

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଵ)ଶ + ଶ)ଷ൰ݕ

× ൤൫ݔ)3)ݕ − 2ܽଵ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమߦ ൧

− ݔ)2 − 2ܽଵ)ଶߦݕସ݁ିకమ൯−൫ݔ)3)ݕ + 2ܽଵ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 + 2ܽଵ)ଶߦݕସ݁ିకమ൯൧

+ ൬
1

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଶ)ଶ + ଶ)ଷ൰ݕ

× [൫ݔ)3)ݕ − 2ܽଶ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ

− ݔ)2 − 2ܽଶ)ଶߦݕସ݁ିకమ൯−൫ݔ)3)ݕ + 2ܽଶ)ଶ −ଶ)ൣ1ݕ− (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 + 2ܽଶ)ଶߦݕସ݁ିకమ൯൧൨ 
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ʘߪ௬௫
ௗ௡,ఒ =

௨ߥ)ܿܩ2 − (ߥ
−1)ߨ −௨)(1ߥ (ߥ ൤

−1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଷ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଷߦݕସ݁ିకమ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ +
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଶߦݕସ݁ିకమ൧ห
ʓୀିଶ௔భ

ʓୀାଶ௔భ +
1
ܽ

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଷ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଷߦݕସ݁ିకమ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ +
1
2

1
ݔ)) − ʓ)ଶ + ଶ)ଷݕ

× ݔ)3)ݕൣ − ʓ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 − ʓ)ଶߦݕସ݁ିకమ൧ห
ʓୀିଶ௔మ

ʓୀାଶ௔మ൨

=
௨ߥ)ܿܩ − (ߥ

−1)ߨ −௨)(1ߥ (ߥ ൤൬
1

ݔ)) − 2ܽଵ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଵ)ଶ + ଶ)ଷ൰ݕ

× ൤൫ݔ)3)ݕ − 2ܽଵ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమߦ ൧

− ݔ)2 − 2ܽଵ)ଶߦݕସ݁ିకమ൯−൫ݔ)3)ݕ + 2ܽଵ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 + 2ܽଵ)ଶߦݕସ݁ିకమ൯൧

+ ൬
1

ݔ)) − 2ܽଶ)ଶ + ଶ)ଷݕ −
1

ݔ)) + 2ܽଶ)ଶ + ଶ)ଷ൰ݕ

× [൫ݔ)3)ݕ − 2ܽଶ)ଶ − −ଶ)ൣ1ݕ (1 + ଶ)݁ିకమ൧ߦ

− ݔ)2 − 2ܽଶ)ଶߦݕସ݁ିకమ൯−൫ݔ)3)ݕ + 2ܽଶ)ଶ −ଶ)ൣ1ݕ− (1 + ଶ)݁ିకమ൧ߦ − ݔ)2 + 2ܽଶ)ଶߦݕସ݁ିకమ൯൧൨ 

(B.12) 

ʘߪ௫௫
ௗ௙,ఒ =

1)ܩܵ + (௨ߥ
−1)ߨ6 (௨ߥ ൦቎ඨ

ߨ
ݔ)) − ʓ)ଶ + (ଶݕ ቆ݂ݎ݁ߦ

ݔ) − ʓ)ߦ
ݔ) − ʓ)ଶ + ଶݕ

ቇ݁(ି(௬మ (௫ିʓ)మା௬మ⁄ )కమ)

−
ݔ) − ʓ)

ݔ) − ʓ)ଶ + ଶݕ ൫1− ݁ିకమ൯቏ቮ

ʓୀିଶ௔భ

ʓୀାଶ௔భ

+ ቎ඨ
ߨ

ݔ)) − ʓ)ଶ + (ଶݕ ݂ݎ݁ߦ ቆ
ݔ) − ʓ)ߦ

ݔ) − ʓ)ଶ + ଶݕ
ቇ݁(ି(௬మ (௫ିʓ)మା௬మ⁄ )కమ)

−
ݔ) − ʓ)

ݔ) − ʓ)ଶ + ଶݕ
൫1− ݁ିకమ൯቏ቮ

ʓୀିଶ௔మ

ʓୀାଶ௔మ

൪

=
1)ܩܵ + (௨ߥ
−1)ߨ6 (௨ߥ ൞൦ඨ

ߨ
ݔ)) − 2ܽଵ)ଶ + (ଶݕ ቆ݂ݎ݁ߦ

ݔ) − 2ܽଵ)ߦ
ݔ) − 2ܽଵ)ଶ + ଶݕ

ቇ݁(ି(௬మ (௫ିଶ௔భ)మା௬మ⁄ )కమ)

−
ݔ) − 2ܽଵ)

ݔ) − 2ܽଵ)ଶ + ଶݕ
൫1− ݁ିకమ൯

− ቎ඨ
ߨ

+ݔ)) 2ܽଵ)ଶ + (ଶݕ ቆ݂ݎ݁ߦ
ݔ) + 2ܽଵ)ߦ

ݔ) + 2ܽଵ)ଶ + ଶݕ
ቇ ݁(ି(௬మ (௫ାଶ௔భ )మା௬మ⁄ )కమ )

−
ݔ) + 2ܽଵ)

ݔ) + 2ܽଵ)ଶ + ଶݕ ൫1− ݁ିకమ൯቏൪

+ ൦ඨ
ߨ

ݔ)) − 2ܽଶ)ଶ + (ଶݕ ݂ݎ݁ߦ ቆ
ݔ) − 2ܽଶ)ߦ

ݔ) − 2ܽଶ)ଶ + ଶቇ݁ݕ
(ି(௬మ (௫ିଶ௔మ)మା௬మ⁄ )కమ)

−
ݔ) − 2ܽଶ)

ݔ) − 2ܽଶ)ଶ + ଶݕ ൫1 − ݁ିకమ൯

− ቎ඨ
ߨ

+ݔ)) 2ܽଶ)ଶ + (ଶݕ ቆ݂ݎ݁ߦ
ݔ) + 2ܽଶ)ߦ

ݔ) + 2ܽଶ)ଶ + ଶቇ݁ݕ
(ି(௬మ (௫ାଶ௔మ)మା௬మ⁄ )కమ)

−
ݔ) + 2ܽଶ)

ݔ) + 2ܽଶ)ଶ + ଶݕ ൫1 − ݁ିకమ൯቏൪ൢ 

(B.13) 
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ʘߪ௬௬
ௗ௙,ఒ =

1)ܩܵ + (௨ߥ
−1)ߨ6 (௨ߥ ൥ቈ

ݔ) − ʓ)
ݔ) − ʓ)ଶ + ଶݕ

൫1− ݁ିకమ൯቉ቤ
ʓୀିଶ௔భ

ʓୀାଶ௔మ
+ ቈ

ݔ) − ʓ)
ݔ) − ʓ)ଶ + ଶݕ

൫1 −݁ିకమ൯቉ቤ
ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

=
1)ܩܵ + (௨ߥ
−1)ߨ6 (௨ߥ ൫1 − ݁ିకమ൯ ൥ቈ

ݔ) − 2ܽଶ)
ݔ) − 2ܽଶ)ଶ + ଶݕ

−
ݔ) + 2ܽଵ)

ݔ) + 2ܽଵ)ଶ + ଶ቉ݕ

+ ቈ
ݔ) − 2ܽଶ)

ݔ) − 2ܽଶ)ଶ + ଶݕ
−

+ݔ) 2ܽଶ)
ݔ) + 2ܽଶ)ଶ + ଶ቉ݕ

൩ 

(B.14) 

ʘߪ௬௫
ௗ௙ ,ఒ = −

1)ܩܵ + (௨ߥ
−1)ߨ6 (௨ߥ ൥൤

ݕ
ݔ) − ʓ)ଶ + ଶݕ

൫1− ݁ିకమ൯൨ฬ
ʓୀିଶ௔భ

ʓୀାଶ௔భ
+ ൤

ݕ
ݔ) − ʓ)ଶ + ଶݕ

൫1 −݁ିకమ൯൨ฬ
ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

= −
1)ܩܵ + (௨ߥ
−1)ߨ6 (௨ߥ ൫1 −݁ିకమ൯ ൥൤

ݕ
ݔ) − 2ܽଵ)ଶ + ଶݕ

−
ݕ

ݔ) + 2ܽଵ)ଶ + ଶݕ
൨

+ ൤
ݕ

ݔ) − 2ܽଶ)ଶ + ଶݕ
−

ݕ
ݔ) + 2ܽଶ)ଶ + ଶݕ

൨൩ 

(B.15) 

ʘ ௫ܲ
ఒ = −

1)ܿܩ4ܵ + (௨ߥ
−1)ߨ3 (௨ߥ ൥

−1
ܽ ቈ

ݔ) − ʓ)ݕ
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ

ସ݁ିకమ ቉ቤ
ʓୀିଶ௔భ

ʓୀାଶ௔భ
+

1
2 ൤

ݕ
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ

ସ݁ିకమ൨ฬ
ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
1
ܽ ቈ

ݔ) − ʓ)ݕ
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ

ସ݁ିకమ ቉ቤ
ʓୀିଶ௔మ

ʓୀାଶ௔మ
+

1
2 ൤

ݕ
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ

ସ݁ିకమ ൨ฬ
ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

= −
1)ܿܩ2ܵ + (௨ߥ

−1)ߨ3 (௨ߥ ସ݁ିకమߦ ൥൤
ݕ

ݔ)) − 2ܽଵ)ଶ + ଶ)ଶݕ −
ݕ

ݔ)) + 2ܽଵ)ଶ + ଶ)ଶ൨ݕ

+ ൤
ݕ

ݔ)) − 2ܽଶ)ଶ + ଶ)ଶݕ −
ݕ

+ݔ)) 2ܽଶ)ଶ +  ଶ)ଶ൨൩ݕ

(B.16) 

ʘ ௬ܲ
ఒ = −

1)ܿܩ4ܵ + (௨ߥ
−1)ߨ3 (௨ߥ ൥

−1
ܽ ቈ

ݔ) − ʓ)ଶ

ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ
ସ݁ିకమ ቉ቤ

ʓୀିଶ௔భ

ʓୀାଶ௔భ
+

1
2 ቈ

ݔ) − ʓ)
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ

ସ݁ିకమ቉ቤ
ʓୀିଶ௔భ

ʓୀାଶ௔భ

+
−1
ܽ ቈ

ݔ) − ʓ)ଶ

ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ
ସ݁ିకమ቉ቤ

ʓୀିଶ௔మ

ʓୀାଶ௔మ
+

1
2 ቈ

ݔ) − ʓ)
ݔ)) − ʓ)ଶ + ଶ)ଶݕ ߦ

ସ݁ିకమ቉ቤ
ʓୀିଶ௔మ

ʓୀାଶ௔మ
൩

= −
1)ܿܩ2ܵ + (௨ߥ

−1)ߨ3 (௨ߥ ସ݁ିకమߦ ൥ቈ
ݔ) − 2ܽଵ)

ݔ)) − 2ܽଵ)ଶ + ଶ)ଶݕ −
ݔ) + 2ܽଵ)

ݔ)) + 2ܽଵ)ଶ + ଶ)ଶ቉ݕ

+ ቈ
ݔ) − 2ܽଶ)

ݔ)) − 2ܽଶ)ଶ + ଶ)ଶݕ −
ݔ) + 2ܽଶ)

+ݔ)) 2ܽଶ)ଶ +  ଶ)ଶ቉൩ݕ
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ʘ ௙ܲ
ఒ

=
ܵଶ1)ܩ− 1)(ߥ + ௨)ଶߥ

−1)ߨ9 ௨ߥ)(௨ߥ − (ߥ ൞቎ඨ
ߨ

ݔ))2 − ʓ)ଶ + (ଶݕ ݂ݎ݁ߦ ቆ
ݔ) − ʓ)ߦ
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ൢ

=
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ߨ
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ݔ) − 2ܽଵ)ߦ
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ߨ
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+ݔ) 2ܽଵ)ଶ + ଶቇ݁ݕ
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ߨ

ݔ))2 − 2ܽଶ)ଶ + (ଶݕ ቆ݂ݎ݁ߦ
ݔ) − ߦ(2ܽ
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− ቎ඨ
ߨ

ݔ))2 + 2ܽଶ)ଶ + (ଶݕ ݂ݎ݁ߦ ቆ
ݔ) + 2ܽଶ)ߦ

+ݔ) 2ܽଶ)ଶ + ଶቇ݁ݕ
(ି(௬మ (௫ାଶ௔మ)మା௬మ⁄ )కమ)቏൪  ൢ

(sB.18) 
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  چکیده:

 سازي دقیق بسیاري از ساختارهايتواند براي مدلي متخلخل و شکسته شده اغلب با جریال سیال همراه است. پوروالاستیسیته میهاها در سنگوجود منافذ و ترك
منفذي روي تغییر شکل سنگ، از جمله اثرات سیال روي رفتار مکانیکی و اثر فشار شکستنزدیک شدن تنش به مقدار تنش  .سنگی در صنعت نفت استفاده شود

ر کنند. در این به یکدیگر تغیی توانندمیکرنش -کرنش و تنش-، معادلات حاکم، روابط جابجاییمحیط پوروالاستیک نفوذ -تغییر شکل ویژگیمحیط است. به دلیل 
ابسته و، معادلات اساسی و روابطی که براي بررسی رفتار و واکنش سنگ در یک محیط متخلخل لازم است بیان شده است. معادلات دیفرانسیلی مستقل و مطالعه

 ونیبا مشارکت دادن توابع شکل در فرمولاس ریتوابع تاث شود.استفاده میاي اساسی هدست آوردن حلهبه زمان براي یک تکانه و منبع سیال نقطه اي به منظور ب
برنامه  براي کنترل اعتبار و درستی فرمولاسیون تهیه شده چند مثال ذکر شده است. در دو مثال اول، از شود.یاز آنها حاصل م يریو انتگرال گ یاساسي هاحل

صفر(واکنش زهکشی نشده محیط  هايهکشی شده استفاده شده است. در زمانشی نشده و زو در شرایط زهک هاي مختلفکاربردي عددي و حل تحلیلی در زمان
ددي، دي عثانیه (واکنش زهکشی شده محیط)، بین نتایج عددي و تحلیلی هماهنگی و توافق خوبی وجود دارد. در مثال سوم، با استفاده از برنامه کاربر 4500) و 

  ه است که با نتایج طبیعی سازگاري دارد.مسیر انتشار ترك در دیواره چاه بدست آمد

  هاي اساسی، توابع تاثیرهاي مرتبه اول، پوروالاستیک،فشار منفذي، حلروش ناپیوستگی جابجایی، المان کلمات کلیدي:
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