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is determined using three cluster validity indices: Silhouette Index (SI), Davies-
Bouldin Index (DB), and Calinski-Harabasz Index (CH). The method’s
effectiveness was evaluated using a three-dimensional non-stationary synthetic
dataset, demonstrating robust convergence when employing the SI and CH indices,
with both achieving a high global correlation coefficient of 0.9 between the
predicted and true seismic data. Among these, the CH index provided the best
balance between the computational efficiency and inversion accuracy. The results
highlight the method’s ability to effectively capture local spatial variability, while
maintaining a reasonable computational cost, making it a promising approach for
seismic inversion in complex sub-surface environments.
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1. Introduction

Seismic inversion derives the spatial 6-8], and geostatistical seismic inversion [e.g., 9,
distribution of subsurface petro-elastic properties 10-15].
from recorded seismic reflection data. It is a Iterative  geostatistical ~seismic inversion

complex, ill-posed, and highly non-linear problem
with non-unique solutions, typically solved using
deterministic or probabilistic approaches [1-3].
Deterministic methods provide a single solution
that represents the best estimate or most likely
value of the model parameters. In contrast,
probabilistic algorithms yield solutions in the form
of probability distributions for the variables of
interest, expressed as either conditional probability
density functions or model realizations conditioned
on the data. Unlike deterministic approaches,
probabilistic methods quantify the uncertainty
associated with the solution [1, 4]. Within this
framework, two primary methods that are
commonly used to address the seismic inversion
problem: Bayesian-linearized approaches [e.g, 5,
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methods employ stochastic sequential simulation
and co-simulation, combined with a global
optimizer, to perturb and update the model
parameter space. Unlike the Bayesian linearized
methods, stochastic inversion does not rely on pre-
defined parametric distributions, allowing for a
more comprehensive parameter space exploration.
However, this comes with increased computational
costs, due to the absence of analytical solutions [1,
10].

Geostatistical ~ seismic  inversion  faces
challenges in complex geological settings, where it
can produce geologically unrealistic inverted
models. This issue arises primarily because the
spatial continuity of subsurface properties is often
modeled using a single global variogram, which
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may not accurately reflect true geological
variability. To address this, multiple regionalized
variogram models that capture local spatial
continuity patterns can be employed in iterative
geostatistical seismic inversion [e.g., 16, 17].
However, using fixed local variogram models
throughout the iterative process risks propagating
errors if the assumed spatial continuity model is
inaccurate [14]. In this context, Pereira, et al. [14]
introduced an iterative approach that updates local
variogram models using the template matching
technique. This method reduces the limitations of
relying on a fixed variogram model,, which may
not accurately capture spatial variability, and
enhances the estimation of local anisotropies in
complex geological settings. However, it has only
been tested on two-dimensional seismic data, and
its high computational cost is a significant
drawback—one iteration generating 32 two-
dimensional realizations required 93 minutes on an
Intel Core 17 workstation with 32 GB of RAM.

This work introduces a self-updating method
for local variogram models that integrates the
mismatch between predicted and observed seismic
data at each iteration of the seismic inversion
process. The local variogram models are updated
using automatic variogram modeling and
automatic clustering of variogram parameters,
ensuring an adaptive representation of spatial
continuity. In subsequent iterations, the updated
variogram models constrain the stochastic
sequential co-simulation of new realizations
(Figure 1). Unlike Pereira et al.’s method, which
has only been applied to two-dimensional seismic
data, our approach is designed for testing on three-
dimensional seismic inversion, achieving a balance
between accuracy and computational efficiency.

A key component of the proposed algorithm is
automatic clustering. Clustering is an unsupervised
learning technique, used to wuncover hidden
structures within unlabeled data [18]. It plays a
crucial role in analyzing input datasets by grouping
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them into clusters, with the optimal number of
clusters either pre-defined or automatically
determined. In automatic clustering, the process is
evaluated using a Cluster Validity Index (CVI),
which helps identify the optimal number of clusters
in the dataset [19].

Numerous CVIs have been proposed in the
literature, and several review studies have
compared their effectiveness. For example,
Arbelaitz, et al. [20], found that the Silhouette,
Davies-Bouldin, and Calinski-Harabasz indices
tend to deliver the best performance. In a similar
vein, José-Garcia and Gomez-Flores [21]
demonstrated that the Silhouette index reliably
performs well on linearly separable datasets, while
the Calinski-Harabasz, Davies-Bouldin, and
generalized Dunn indices show satisfactory results
on both synthetic and real-world datasets.
Additionally, Ikotun, et al. [22] reported that the
Davies-Bouldin index is the most widely used CVI
in automatic clustering algorithms.

In contrast to earlier geostatistical seismic
inversion methods that rely on fixed global or local
variogram models—which often fail to capture true
spatial variability in complex geological settings—
or employ computationally expensive updating
techniques; this study introduces an iterative
approach that self-updates local variogram models
through automatic clustering. The proposed
method overcomes the limitations of traditional
approaches by incorporating the mismatch between
the predicted and observed seismic data into the
inversion process, allowing for an adaptive
refinement of local spatial continuity models.
Furthermore, our approach is specifically designed
for three-dimensional seismic data, achieving these
improvements with a reasonable computational
cost. To optimize this process, we compared the
performance of three cluster validity indices—the
Silhouette Index (SI), Davies-Bouldin Index (DB),
and Calinski-Harabasz Index (CH)—within our
framework.
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Figure 1. Flowchart of the iterative geostatistical seismic inversion with self-updating local variogram models
using automatic clustering.

2. Materials and Methods

The method proposed in this work builds upon
the Global Stochastic Seismic Inversion (GSI)
introduced by Soares, et al. [15]. GSI assumes a
stationary spatial continuity pattern, which is rarely
applicable in complex geological environments.
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This work addresses this limitation by
incorporating local variogram models into the
model perturbation step. These variogram models
are iteratively adjusted based on the data mismatch
from the previous iteration. The proposed
algorithm can be outlined in the following steps:
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1. Use direct sequential simulation [23] to generate a
set of three-dimensional acoustic impedance models,
employing well-log data as input and a variogram
model to describe the spatial continuity pattern.

2. Calculate synthetic seismic reflection volumes for
each acoustic impedance model produced in step

3. Compare the synthetic seismic data with the real
data on a trace-by-trace basis using the correlation
coefficient. Save two supplementary volumes: the
best Ip traces and their associated local correlation
coefficients.

4. Use the two supplementary volumes as secondary
variables and local regionalized models for the co-
simulation of a new set of acoustic impedance
models.

5. Repeat steps 2 and 3.

6. Select the best acoustic impedance model
produced in step 4 by comparing the synthetic
seismograms and real seismic data globally.

7. Calculate horizontal experimental variograms at
each z-level (depth) of the best acoustic impedance
model selected in the previous step.

8. Fit a variogram model to the horizontal
experimental variograms calculated at each z-level.

9. Cluster the variogram parameters obtained at each
z-level using the z-levels as constraints. This process
groups the z-levels into zones, each defined by its
own set of local variogram parameters.

10. Co-simulate a new set of acoustic impedance
models, as in step 4, but using the local variograms
obtained in step 9 instead of a single global
variogram.

11. Repeat steps 5 to 10 until a pre-defined number
of iterations is completed, or the global correlation
coefficient between the real and synthetic seismic
volumes exceeds a specified threshold.

The variogram parameters for each z-level
(depth) were clustered to identify distinct zones
exhibiting similar spatial variability patterns. This
was achieved using a hierarchical clustering
approach, specifically Ward's linkage method,
which minimizes within-cluster variance. To
enforce spatial continuity, a significant penalty was
applied to non-adjacent data points in the distance
matrix, ensuring that clusters consist of contiguous
z-levels.

For each identified zone, the variogram
parameters (sill, nugget, and horizontal range) were
determined by averaging the horizontal variogram
parameters of the z-levels within that zone. The
vertical range for each zone's variogram was then
calculated using the updated horizontal range and a
fixed anisotropy ratio. This anisotropy ratio,
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defined as the ratio of the horizontal to vertical
range in the global variogram, was assumed to
remain constant throughout the inversion grid.

The optimal number of clusters, which defines
the number of zones, was determined automatically
through optimizing a CVI. This work utilized the
Silhouette, Davies-Bouldin, and Calinski-Harabasz
indices, defined as follows:

n
1 (b; —a;)

Sle = nZamax (a;, b;)’ M
i=1
where n is the total number of data points, a; is
the average distance from point i to other points
within the same cluster, b; is the minimum average
distance from point i to points in a different cluster.

k
DB 1 Si + Sj
k= ;Z max( a4 )
i=1

)

where k is the number of clusters, s; is the
average distance between points in cluster i and the
centroid of cluster i, and d;; is the distance between

the centroids of clusters i and j.
_ trace(By) n—k
"~ trace(W,) k—1

k 3)

where trace(By) is the trace of the between-
cluster dispersion matrix and trace(Wy) is the
trace of the within-cluster dispersion matrix.

Using different CVIs results in varying numbers
of clusters (zones) and different configurations in
each iteration of the inversion algorithm, ultimately
affecting the final inversion results. Another
important consideration is the computational cost
that automatic clustering imposes on the inversion
algorithm, which varies depending on the CVI
used. Given that geostatistical seismic inversion
itself incurs significant computational costs,
selecting a CVI with an appropriate computational
cost is crucial. Therefore, the proposed algorithm
was run using each of the CVIs mentioned above,
and the resulting inversion outcomes and
computational costs were compared, as explained
in the following section.

The proposed inversion method was tested on a
three-dimensional, non-stationary synthetic full-
stack volume. Figure 2 presents three vertical
sections extracted from the full-stack volume. This
synthetic dataset was designed to replicate the key
elastic properties of a real deep-water turbidite
field. The inversion grid consists of 101 x 101 x 90
blocks in the i-, j-, and k-directions, respectively.
Each grid cell measures 25 meters in the i and j
directions, while the size in the vertical direction
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corresponds to the seismic sampling rate. The
dataset includes 32 wells with Ip-log data. As in
real-world cases, the wells were preferentially
drilled in reservoir zones, rather than randomly
distributed across the grid. The seismic data,

(a)
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sampled at a 4 ms interval, was generated by
stacking angle gathers with a fold of 10, derived
using the Zoeppritz equations. The wavelet used in
the inversion was the same as that used to generate
the synthetic seismic volume.
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Figure 2. Vertical sections extracted from the true full-stack seismic volume at (a) y =25, (b) y =50, and (¢c) y =

In the initial simulations of the proposed
method, a global, omnidirectional spherical
variogram model was utilized as a starting point.
This model was characterized by an isotropic
horizontal range of 20 grid cells and a vertical
range of 5 grid cells. Following this phase, the
approach transitioned to employing local
variograms for a more precise representation of the
spatial variability of the subsurface properties.

For the local variograms, the model shape
remained spherical, while the range, nugget, sill,
and the number and thicknesses of zones were
iteratively updated based on the mismatch between
predicted and observed seismic data. For
clustering, the nugget was normalized to the sill,
and two horizontal variogram parameters—range
and normalized nugget—were used.

3. Results and Discussion

The proposed method was  applied
independently with each of the three clustering
validation indices (CVIs): Silhouette Index (SI),

75.
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Davies-Bouldin Index (DB), and Calinski-
Harabasz Index (CH). For each run, a total of nine
sets of simulations were conducted, with each set
comprising 64 realizations. The method
demonstrated successful convergence when
utilizing the SI and CH indices, achieving a high
global correlation coefficient of 0.9 between the
true and predicted synthetic seismic data. In
contrast, the execution employing the DB index
failed to exceed a global correlation coefficient of
0.83. These outcomes are illustrated in Figure 3,
highlighting the relative effectiveness of the
different CVlIs in guiding the proposed inversion
process.

Furthermore, the proposed method achieved the
highest accuracy in reproducing the principal
seismic reflection locations and the amplitude
content of the true seismic data when using the SI
index, followed closely by the CH index. In
contrast, the method using the DB index showed
the largest discrepancies, with notable mismatches
in both reflection locations and amplitude content
when compared to the true seismic data (Figure 4).
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Figure 3. Evolution of the global correlation coefficient between synthetic and true seismic reflection data for the
proposed method using the three CVIs: Silhouette Index (SI), Davies-Bouldin Index (DB), and Calinski-
Harabasz Index (CH).
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Figure 4. Vertical sections extracted from (a) the true seismic volume, (b), (c), and (d) synthetic seismic volumes
generated from the best-fit inverted acoustic impedance models using the proposed method with the Silhouette
Index, Davies-Bouldin Index, and Calinski-Harabasz Index, respectively.
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Achieving a reasonable representation of sub-
surface properties in seismic inversion requires
more than just a good match between real and
synthetic seismic data, because the seismic
inversion problem is inherently non-unique, vastly
different elastic models can result in identical
seismic responses. Figure 5 compares the best-fit
acoustic impedance models obtained by the
proposed method using SI, DB, and CH indices to
the reference acoustic impedance model. The
proposed method effectively reproduces the
acoustic impedance spatial distribution and values,
but the results are significantly better when using
SI and CH indices compared to the DB index. To
provide a better comparison, the absolute
difference between the best-fit acoustic impedance
models and the reference model at the same vertical

(@)
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section shown in Figure 5 is represented in Figure
6.

The final zones, determined by the proposed
method after iterative updates to the number and
thickness of zones are illustrated in Figure 5 on the
vertical sections of the best-fit inverted acoustic
impedance. The method ultimately divided the
investigated region (entire inversion grid) into
three zones, two zones, and four zones along the
vertical axis when using the SI, DB, and CH
indices, respectively. Tables 1, 2, and 3 present the
variogram parameters for each of these final zones,
which were applied to co-simulate 64 acoustic
impedance models during the final iteration of the
proposed method using the SI, DB, and CH indices,
respectively.
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Figure 5. Vertical sections extracted from (a) the true acoustic impedance (Ip) volume, (b), (c), and (d) the best-
fit inverted acoustic impedance volumes using the proposed method with the Silhouette Index, Davies-Bouldin
Index, and Calinski-Harabasz Index, respectively. The final zonation is separated by horizons shown as thick
black lines.
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Figure 6. The absolute difference between the true and best-fit inverted acoustic impedance (Ip) models using the
proposed method with (a) the Silhouette Index, (b) the Davies-Bouldin Index, and (c) the Calinski-Harabasz
Index, shown in the same vertical section as in Figure 5.

Table 1. Final parameters of local Variograms obtained using the proposed method with the Silhouette Index

Zon N ¢ Horizontal range Vertical range

one ugee (in grid blocks) (in grid blocks)
Top 0.69 25.94 6.48
Mid 0.54 23.19 5.80
Bottom 0.23 44.48 11.12

Table 2. Final parameters of local variograms obtained using the proposed method with the Davies-Bouldin

Index
Horizontal range Vertical range
Zone Nugget (in grid blocks) (in grid blocks)
Top 0.71 22.74 5.68
Bottom 0.62 32.75 8.19

Table 3. Final parameters of local variograms obtained using the proposed method with the Calinski-Harabasz

Index
Horizontal range Vertical range
Zone Nugget (in grid blocksg) (in grid blocl%s)
Top 0.79 10.75 2.69
Mid-1 0.79 10.00 2.50
Mid-2 0.39 25.39 6.35
Bottom 0.23 44.49 11.12
The computation times for this application DB index resulted in the shortest computation time,
example—using SI, DB, and CH indices, followed by the CH index, while the SI index
respectively — were 4166, 3182, and 3539 seconds required the longest. However, considering both
(measured over nine iterations, with 64 realizations inversion accuracy and computational efficiency,
generated per iteration) on an Intel Core 19 the CH index demonstrated the best overall

workstation with 32 GB of RAM. Among these, the
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performance, offering an optimal balance between
accuracy and speed.

While the proposed method demonstrates
strong performance, certain simplifications were
intentionally incorporated to balance accuracy with
computational efficiency, ensuring the method
remains  suitable for complex geological
environments and practical for three-dimensional
seismic inversion applications. The assumption of
a fixed anisotropy ratio simplifies the modeling
process and reduces computational demands,
facilitating broader applicability, though it may not
fully capture directional wvariations in highly
heterogeneous settings. Additionally, while the
Silhouette and Calinski-Harabasz indices provided
robust clustering performance, the Davies-Bouldin
Index showed less consistent results, highlighting
that the choice of cluster validity indices can
influence  outcomes depending on data
characteristics. Future research could focus on
incorporating spatially varying anisotropy ratios
and adaptive clustering validation techniques to
further enhance the method’s flexibility and
robustness ~ while  maintaining  reasonable
computational costs.

4. Conclusions

This work presented an iterative geostatistical
seismic inversion approach designed to improve
the estimation of petro-elastic properties in
complex geological environments. The proposed
method incorporates self-updating local variogram
models, which are refined iteratively through
automatic clustering to better represent local spatial
variability. To determine the optimal number of
clusters—and, by  extension, the local
variograms—the performance of three cluster
validity indices, namely the Silhouette Index (SI),
Davies-Bouldin Index (DB), and Calinski-
Harabasz Index (CH), was compared within the
framework of the proposed method. Validation was
performed on a three-dimensional non-stationary
synthetic dataset, demonstrating robust
convergence when employing the SI and CH
indices, with both achieving a high global
correlation coefficient of 0.9 between the predicted
and true seismic data. Among the tested indices, the
CH index provided the most favorable balance of
computational efficiency and inversion accuracy,
making it the best performer in this application.
Overall, the proposed method effectively captures
local spatial continuity, delivering reliable results
for complex subsurface modeling. Importantly, its
successful application to three-dimensional
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synthetic seismic data—with a reasonable
computational cost—highlights its practical utility
for real-world seismic inversion workflows in
challenging geological settings.
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