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The Extended Finite Element Method (XFEM) is a leading computational approach for
studying crack growth in rocks, as it can effectively model complex crack paths and
discontinuities without the need for re-meshing. In this context, XFEM is particularly
well-suited for simulating the development of hydraulic fractures. XFEM is employed
to investigate crack initiation, propagation, and aperture size in rock formations, with
validation using a Boundary Element Method (BEM)-based approach. Three scenarios
are analyzed for crack orientation and interaction in: single cracks at 0°, 15°, 30°, and

60°; crack displacement behavior at 15° and 60°; multiple cracks at 60° and 120°.

Displacement in the vertical direction (U2) and stress distribution around the crack tip
in the S22 direction are examined to understand fracture mechanics parameters. The
findings highlight that crack at higher angles, such as 120°, exhibit more
straightforward propagation, while those at or beyond 90° often require additional
stress to continue growing. The comparison between XFEM and BEM results confirms
the reliability of the numerical approach, demonstrating strong agreement in predicting
fracture behavior in rock materials. The results provide deeper insights into fracture
evolution, stress intensity factors, and fracture toughness in geological media. These
simulations advance computational fracture mechanics, contributing to optimizing
hydraulic fracturing techniques for improved efficiency and safety in subsurface
formations. This study is limited to 2D geometries and isotropic materials, potentially
missing 3D heterogeneous subsurface complexities. Future work could explore 3D
models, anisotropy, and fluid pressure/thermal effects to improve crack growth
predictions.

1. Introduction

Hydraulic fracturing (HF) is

a primary began in 1949, when J.B. Clark published a paper

technique for stimulating tight formations with
very low permeability, enabling the extraction of
oil and gas from unconventional reservoirs. The
first attempt to fracture a well dates back to 1864,
when Edward Augustus Leonard Roberts used
dynamite and nitroglycerin in a well, a method
known as the highly dangerous torpedo
technology. Even a small mistake during the
fracturing operation can result in severe injury or
death. The widespread use of hydraulic fracturing
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on well stimulation using the hydraulic process
with Stanolind Oil and Gas Company. This process
involves injecting viscous fluids with proppants to
create fractures in the formation, reducing the
viscosity of injected fluids before production
begins. The first successful HF operation occurred
in 1953 in southern Oklahoma and North Central
Texas. Horizontal drilling and multi-stage
hydraulic fracturing are two important techniques
for the development of unconventional reservoirs
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[1]. By creating multiple transverse fractures in a
horizontal well, fewer vertical wells are required to
achieve the same number of fractures. As shown in
Figure 1, a horizontal well is capable of creating
multiple fractures and significantly enhancing the
single random variable method, which helps
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produce much more oil or gas compared to a
vertical well. However, the stress shadow effect
may prevent some fractures from growing in a
horizontal well. Production from the remaining
fractures helps save on the cost of drilling new
vertical wells [2].
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Figure 1. Hydraulic fracturing in a vertical and a horizontal well [2].

However, it was not until the early 1980s that
commercial breakthroughs in horizontal well
drilling were achieved by the French oil company
Elf Aquitaine [2]. In 2003, the commercial success
rate of horizontal well drilling in the United States
was approximately 65% [3]. By 2004, only 15% of
the crude oil in the United States was produced
from low-permeability formations using horizontal
wells. The main factor hindering horizontal well
drilling programs may be the high risk involved.
With improvements in drilling technology for
unconventional reservoirs, production accelerated
from 2008, and by the end of 2018, over 96% of
crude oil and gas production in the United States
from unconventional reservoirs was produced by
horizontal wells [4]. Over the years, advancements
in hydraulic fracturing techniques have been
critical for tapping into unconventional reservoirs,
and accurate modeling of crack initiation and
propagation has become essential [5].

Numerous researchers have examined hydraulic
fracturing both in field conditions and during
controlled experiments. These studies have
provided valuable insights into the behavior and
geometry of fractures in oil wells. By utilizing
specialized packers and capturing images with
cameras, the geometry of fractures along the
wellbore walls can be observed and documented.
Below, the studies conducted by several
researchers in the field of hydraulic fracturing are
highlighted. Companies conducting or planning
hydraulic fracturing in Australia include Santos,
Origin  Energy, Arrow Energy, Westside

Corporation, AGL, Queensland Gas Company, and
a joint venture between Origin Energy,
ConocoPhillips, and Sinopec. Data from APPEA
(2013) shows that 1,844 coal seam gas wells
(including 1,341 exploratory wells and 3,731
production wells) were drilled in Australia over 15
months from April 2012 to June 2013, with 111 of
them (6%) involving hydraulic fracturing. DEHP
(2013d) estimates that in Queensland, this
proportion could increase to 10-40% with the
expansion of the industry [6].

G. Zielonka et al. (2014) developed and
validated new Abaqus capabilities for simulating
hydraulically driven fractures in porous, permeable
media. Using coupled pressure/deformation
cohesive elements and XFEM-based enriched
elements, they modeled fracturing fluid flow,
porous medium deformation, and fracture
propagation. These results confirm Abaqus'
readiness for hydraulic fracturing applications such
as injection, stimulation, and drilling in the oil and
gas industry [7]. Guo et al. (2015), developed a
cohesive-zone finite-element model to simulate
interactions between hydraulic fractures (HF) and
natural fractures (NF) without requiring crossing
criteria. The study analyzed how factors such as in-
situ stress, approaching angle, and NF cementing
strength influence fracture geometries. Results
showed that lower approaching angles and smaller
differential stresses facilitate NF activation and
propagation, contributing to complex fracture
networks [8]. Kim et al. (2015) conducted
numerical simulations on fracture propagation

718



Zeerak et al.

during hydraulic fracturing in shale gas reservoirs.
The study revealed that tensile fractures propagate
discontinuously, causing saw-toothed pressure,
aperture, and displacement responses. High
intrinsic permeability facilitated rapid fracturing,
while a strong geological layer limited vertical
propagation by redirecting fractures horizontally.
These findings emphasize the complex relationship
between fluid dynamics, geomechanics, and
geological conditions in hydraulic fracturing [9].
Ren etal. (2016) developed a fully coupled XFEM-
EDFM model to simulate geomechanics and
multiphase flow interactions in fractured tight gas
reservoirs. The model uses an implicit time-
stepping strategy and incorporates a proppant
model to account for hydraulic fracture
deformation during production. Validation against
Mandel’s problem and fracture mechanics
scenarios confirmed its accuracy. The study
revealed the significant influence of geomechanics
on production, showing that neglecting stress-
dependent effects leads to inaccurate predictions
[10].

M. Yaylaci. (2016) in the study titled "The
investigation crack problem through numerical
analysis" conducted a comparative study between
the finite element method (FEM) and analytical
solutions for a layered composite with an internal
perpendicular crack. The composite consisted of
two elastic layers with different elastic properties,
subjected to external loading via a rigid punch,
while the lower layer was supported at both ends.
Numerical analysis was performed using ANSYS
software. The study focused on evaluating the
normal stress o (0, y), stress intensity factors

(SIFs), and crack opening displacements, and the
results showed good agreement with existing
analytical solutions [11]. Abdollahipour et al.
(2018) studied the behavior of hydraulic fracturing
in permeable formations using the poroelastic
displacement discontinuity method to investigate
the effect of permeability on hydraulic fracture
development in formations with different
permeabilities. The results showed that hydraulic
fracture propagation can be significantly delayed in
formations with permeability lower than Darcy’s.
The effect of fracture spacing on the propagation
path was also examined. It was found that the stress
shadow effect of hydraulic fractures, due to the
time required for fluid leakage into the formation,
remains significant over a longer distance
compared to the elastic model [12]. Chen et al.
(2018) developed a 3D solid-fluid coupled model
to study hydraulic fracture growth in multiple
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horizontal wells. Key findings include the impact
of inter-well stress interference, which causes
asymmetric fracture propagation and suppresses
lateral growth of interior fractures. Limited entry
design promotes lateral propagation but is less
effective with closely spaced wells. The study
suggests maintaining a critical minimum well
spacing to avoid adverse interference and resource
waste. These insights aid in optimizing multi-well
fracturing designs [13].

M. Yaylaci et al. (2022) in the study titled
"Implementation of finite element and artificial
neural network methods to analyze the contact
problem of a functionally graded layer containing
crack" analyzed the contact problem of a
functionally graded layer (FGM) with a crack using
both Finite Element Method (FEM) and Artificial
Neural Networks (ANN). The research aimed to
evaluate the impact of various geometric
parameters and material properties on the crack
behavior in such layers. The study showed that
using FEM and ANN together can provide efficient
solutions to complex crack and contact problems,
highlighting the potential of these methods in
solving issues similar to those in hydraulic fracture
modeling [14]. M. Yaylaci. (2022) in the study
titled, "Simulate of edge and internal crack
problem and estimation of stress intensity factor
through finite element method" examined the
elastic plane problem of a layered composite with
an internal or edge crack using the Finite Element
Method (FEM). The layered composite consisted
of two layers with different elastic properties,
resting on a homogeneous elastic half-plane, and
subjected to pressure from a rigid cylindrical
stamp. The study found that the FEM results for the
stress intensity factor (SIF) were in perfect
agreement with analytical solutions from the
literature. The effects of various geometric and
material parameters on the SIF were discussed,
showing that FEM can be an efficient alternative to
analytical methods when applied correctly [15].

M. Yaylaci et al. (2023) used FEM and multi-
layer perceptron (MLP) method for analysing the
vibration and buckling in functionally graded
material (FGM) beam with edge crack. They
studied the effects of crack location (c/L), material
properties (E»/E1), slenderness ratio (L/h) and end
supports on the bending vibration and buckling
properties of cracked FGM beam [16]. Zeerak et al.
(2023) studied the "Investigating Hydraulic
Fracture Models for Production Enhancement from
Unconventional Hydrocarbon Reservoirs". The
studies shows that hydraulic fracturing is a crucial
technique for enhancing oil and gas extraction from

719



Zeerak et al.

wells, particularly in unconventional reservoirs.
The study provided a comprehensive review of
numerical models used for simulating hydraulic
fracturing, comparing various methods based on
their advantages and disadvantages [17]. The study
"Finite Element Analysis of Ratcheting on Beam
under Bending-Bending Loading Conditions" by S.
Fuyad et al. (published in 2023) investigates
ratcheting in a cantilever beam under bending-
loads using finite element analysis. It explores the
effects of primary and secondary stresses and
frequency on ratcheting onset, which can lead to
plastic deformation, collapse, or fatigue, proposing
a dimensionless ratcheting diagram that highlights
worse conditions at lower frequencies and
examines material modeling impact [18]. Fatehi
Marji et al. (2023) studied the explosive fracturing
technique to improve permeability and
productivity in low-permeable reservoirs. They
simulated crack initiation and propagation using
explosions, with shock waves playing a key role in
creating radial cracks around the wellbore. These
cracks, filled with pressurized gas, further
propagated in the reservoir rock. The study
concluded that this explosive fracturing
mechanism can significantly enhance the
productivity of low-permeable reservoirs in
horizontal wells [19]. A. Benouis et al. (2024) in
the paper titled "Finite element analysis of the
behavior of elliptical cracks emanating from the
orthopedic cement interface in total hip prostheses"
examined crack behavior in orthopedic cement
used in total hip prostheses. They employed the
Finite Element Method (FEM) to calculate stress
intensity factors (SIF) near the crack tip under
static and dynamic loading conditions. The
analysis was conducted for cracks originating at the
interface between cement and bone during
activities such as regular walking, climbing stairs,
and descending stairs. The study concluded that
cracks emanating from the micro-interface under
substantial loading can lead to cement damage and
ultimately prosthetic loosening [20]. Yazdani et al.
(2025) studied the impact of hydraulic fracturing
on sand production in low-strength reservoirs, such
as sandstone. Using a two-dimensional model in
PFC2D software, they simulated three scenarios
based on the fracture length relative to the well
radius. Their findings showed that hydraulic
fracturing significantly affects sand production
rates, highlighting the importance of understanding
this interaction to optimize reservoir recovery and
ensure well integrity [21].

Previous studies have extensively examined
hydraulic fracturing using various numerical
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techniques, such as finite element methods,
cohesive zone modeling, and displacement
discontinuity approaches. These studies primarily
focused on fracture interaction, permeability
effects, and stress shadow influence. However, a
detailed investigation into the influence of crack
orientation on fracture evolution has remained
limited. Additionally, while many models have
been validated wusing experimental data,
benchmarking against numerical methods like
BEM remains underexplored. This study aims to
bridge these gaps by analyzing crack initiation,
propagation patterns, and stress intensity variations
in different fracture configurations. Given the lack
of comprehensive numerical studies on angle-
dependent crack growth behavior, this research
focuses on modeling and validation using a
boundary-based approach.

The objective of this study is to simulate
fracture evolution in rocks during hydraulic
fracturing using the XFEM and validate its
accuracy with the BEM. Three fracture
configurations are analyzed: (1) a single crack with
specific orientations relative to the horizontal axis,
(2) the effect of crack angle on fracture formation
and propagation, and (3) a complex system of
multiple interacting cracks. XFEM provides an
advanced approach for modeling crack propagation
without re-meshing, while BEM offers high
precision in boundary problem solutions. By
evaluating stress intensity factors, crack opening
displacement, and interaction effects, this study
contributes to improving numerical modeling in
hydraulic fracturing. The ultimate goal is to
enhance fracture mechanics simulations and
improve the accuracy of crack behavior predictions
by identifying optimal crack angles for enhanced
permeability in rocks [22].

2. Linear Elastic Fracture Mechanics in XFEM

These concepts encompass the fundamental
principles of linear elastic fracture mechanics,
which are essential for understanding the behavior
of materials under loading and stress. Elasticity is
examined as the primary property of materials that
deform under loading and return to their original
shape upon unloading. Additionally, linearity is
described as an assumption valid for many elastic
materials, where deformation is directly
proportional to the applied stress.

2.1. Stress Intensity Factor

The stress intensity factor (SIF) plays a basic
role in the practical application of linear elastic
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fracture mechanics (LEFM) principles. It enables
the calculation of crack growth rates under
conditions such as fatigue loading, stress corrosion,
and others. For safety assessment, two critical
factors are required: the SIF related to the applied
load on the component and the material's fracture
toughness. In analytical methods, the stress
intensity factors for Modes I, II, and III are
calculated using the following equations, provided
that the stress field at the crack tip is expressed in
terms of (r) and (0) [23].

K, = lyilr(}\/zﬂr (ay )G:O (1)
K, = 1}5}*/2” (rxy )620 )
K, = lrlir(} N2k (ryz )6:0 (3)

In all these scenarios, the crack tip serves as the
origin, with the x-axis (0 =0) aligned along the
crack plane and indicating the direction of crack
propagation (Figure 2).
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Figure 2. Plate with angled crack and crack-tip
coordinates [23].

Below the SIF for several common geometries
presents in the Table 1.

Table 1. Stress intensity factors for several common geometries [24]

Type of crack SIF K,
Center crack, length 24, in an infinite plate o Nna
Edge crack ,length @ , in a semi-infinite plate 1.120, Nra

Central penny-shaped crack, radius a, in
infinite body

20, \/E
s

Center crack, length 2@ in plate of width W

2 symmetrical edge cracks, each length @ , in

plate of total width W

2.2. Crack Deformation Modes

Pre-existing cracks in rock propagate under
tensile and compressive loads, merge with each
other, and form fracture planes. Many researchers
have studied the initiation and propagation of

cracks in brittle materials such as rocks with pre-
existing cracks under various loading conditions
[25]. For a specific crack under different loading
conditions, crack propagation may occur in
opening mode (Mode-I), shear mode (Mode-II),
and tearing mode (Mode-III) (Figure 3) [26].

R

Mode |
Opening

Mode Il
Shearing

Mode Il

Tearing

Figure 3. Modes of crack propagation: (I) Opening mode, (II) Shear mode, (III) Tearing mode [27].
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In practice, the cracking of engineering
structures usually occurs under mixed-mode
loading (opening-shear mode). In mixed-mode
conditions, both Mode-I and Mode-II stress
intensity factors are nonzero. Using Irwin's LEFM

Journal of Mining & Environment, Vol. 17, No. 2, 2026

theory, these factors represent the resistance of a
brittle material to the crack propagation mechanism
with a length of (1) from its tip (Figure 4). Irwin
presented the following equations for stresses and
stress intensity factors in the plane [26].

o= K cosQ(l—sinQsinﬁJ—ising(2+cosgcosﬁj 4)
2 2 2 2) 2nr 2 2 2

c —Lcos2 1+singsin£ + Ky singcosgcosﬁ 5
Y22 2 2 ) 2ar 2 2 2 (3)

T = K, singcosg cosﬁ + Ky cosg(l - singsin ﬁ) (6)
Y 2 N2mr 2 2 2
Here K =3-4v represents plane strain fracture toughness, respectively, and the direction

conditions, and K =(3-v)/(1+v) indicates plane
stress conditions.

Crack
X
Figure 4. The coordinate system adjacent to the
crack tip in two-dimensional deformation [26].

In hydraulic fracture modeling, fracture criteria
are used to determine crack propagation, and the
selection of these criteria largely depends on the
numerical method employed. In discrete fracture
modeling, LEFM and the cohesive zone model are
commonly used. The LEFM method includes
maximum tensile stress, minimum strain energy
density, maximum principal strain, and maximum
strain energy release criteria. Among these, the
maximum tensile stress criterion is the most widely
used, and it can be expressed as follows [26]:

0 6 3 .
cosE(K, cosZE—EKH sm@Jsz (7)

Where (K,,K,) and (K,) are the stress
intensity factors for Mode I, Mode II fracture, and

of propagation is as follows [26]:

tan(gj_i[l’j—sgnum [§]+8} —x<f<z (8)

1 1

Where [sgn(Ky)] represents the sign function.
This function is commonly used in equations where
the direction of fracture propagation or the sign of
a quantity matters.

2.3. Mixed Mode of Cracks (I-IT)

In the context of hydraulic fracturing, cracks in
subsurface formations are rarely subjected to
opening (Mode I) or shearing (Mode IT) conditions
alone; instead, they often experience mixed-mode
loading (Mode I-II) due to varying crack
orientations, in-situ stresses, and fluid pressure.
The Stress Intensity Factor (SIF) is a fundamental
parameter in fracture mechanics that characterizes
the stress field intensity near the crack tip,
governing crack initiation and propagation. For
mixed Mode I-II cracks, the SIF is expressed as two
components: K; (Mode I) and Ki (Mode II). This
section evaluates these factors for cracks simulated
using the XFEM and validated against the BEM,
focusing on their dependency on crack angle and
interaction effects. The SIFs for a crack under
mixed-mode loading can be derived from the stress
field around the crack tip in a polar coordinate
system (7, 6), where r is the radial distance from the
tip and @ is the angular position. For an isotropic
material, the near-tip stress field is approximated as
[28]:

— K]

O. =——17..
ij \/ﬁfu

')+ jz%f ©) )

722



Zeerak et al.

Where o, is the stresses components (

0,,0,,0.), K, is the mode I (SIF), reflecting

tensile stress perpendicular to the crack plane; K,

is the mode II (SIF), reflecting shear stress parallel
to the crack plane, and f(0), f;"(0) Angular
functions specific to each mode. For a crack of
length 2a inclined at an angle f to the horizontal

axis under far-field stresses ¢ (normal) and 7
(shear), the SIFs are [28]:

K, =crasin® B+1~/masin Bcosf (10)
K, =o~rasin Bcos B+trwacos’ B (11)

These equations show that K, and K, vary
with crack orientation (), with K, dominating at

B =90° (ModeI)and K, peaking at intermediate

angles (B = 45°). In hydraulic fracturing, fluid
pressure inside the crack adds an additional term,

pN7ma , to Kj, enhancing crack opening. In this
study, XFEM is employed to compute K, and K,

for three configurations: (1) single cracks at angles
B=0°, 15°, 30°, 60°, (2) single cracks assessing
crack opening displacement at 15° and 60°, and
(3) multiple interacting cracks at 60° and 120°.
XFEM’s enrichment functions model the crack-tip
singularity and discontinuity, allowing precise SIF
extraction without re-meshing. The interaction
integral method is typically used in XFEM to
compute SIFs [28]:

aulﬂllx
1= o, —
IA|: y axl

Here u"" is an auxiliary displacement field, W

—W@i§§¢4 (12)

J

is the strain energy density, and ¢ is a weighting
function. This integral separate K, and K,

contributions, validated against BEM’s boundary-
focused solutions.

2.4. Rock Fracture Toughness

Fracture toughness is a key mechanical property
of rocks, indicating their resistance to fracture and
crack propagation. Experimental fracture tests
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involve applying various stresses to rock samples
to measure their fracture toughness. Computational
methods use theoretical models and relationships to
predict fracture toughness. Stress intensity factors
are used to determine the maximum stress a
material can withstand at the crack tip, beyond
which the crack propagates rapidly. This critical
stress intensity serves as a measure of fracture
toughness, which is related to crack length and
fracture toughness [29].

— K1c
S

o, =
aNrma

(13)

Where o is a geometric parameter equal to 1 for
edge cracks and generally has unit values for other
positions. The o parameter has been tabulated for a
wide range of samples and crack geometries, and
special finite element methods are available for
calculating it for new positions.

Oy :\/i_Gac (14)
K= = rwd (15)
“amraVa+x

Stress intensity and energy considerations are
related, as can be seen by comparing equations (14)
and (15) with o=1.

E K

o= O _ K — K, =EG, (16)
ra ~wa

This relationship holds in plane stress

conditions and is slightly different in plane strain
conditions.

K; =EG (1-V") (17)

For metals with v=0.3, (1-v*)=0.91 , this

change is not significant. However, numerical
values of or in plane stress or plane strain
conditions are quite different. Typically, fracture
toughness of rock is influenced by various factors
such as chemical composition, internal structure,
and environmental conditions (such as humidity
and temperature) [24]. The fracture toughness
values for different rocks are listed in Table 2 [30].
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Table 2. Fracture toughness of different rocks [30].

Rock Fracture toughness Rock Fracture toughness
(Location/comment) (MPa\/m) (Location/comment) (MPa\/m)
Andesite (Tampomas) 1.26-1.68 Limestone (Bedford) 1.1
Basalt 1.73 Limestone (/white) 2.21
Basalt 3.01 Marble (/Fine grain) 0.96
Dolerite (Whin sill) 3.26 Marble (Ekeberg) 2.62
Gabbro (Kallax/series 1) 2.58 Sandstone 0.67

2.5. Role of Energy Balance in Crack Growth

The first systematic study of fracture
phenomena was conducted by Griffith, who
suggested that crack growth depends on the
balance between strain energy and surface energy.
He assumed that if the strain energy released during
crack advancement exceeds the energy needed to
create a new surface, unstable crack growth occurs
[31].

G>2r (18)

The strain energy release rate (G) represents the
energy released per unit area of crack growth and
the work required to create a new crack surface. It
depends on both the applied loading and crack size.
Considering the elastic work needed to close the
crack tip, Irwin established a relationship between
G and the stress intensity factor, expressed as
follows [31].

Ga=K’ (19)

The proportionality constant in the above
equation is a function of the material's elastic
constants. This relationship provides a connection
between the stress field at the crack tip and the
energy balance criterion for crack growth. It can
now be interpreted in terms of the required (K)
values for crack growth.

3. Governing Equations and Solution
Procedures

The mathematical equations offer a brief
overview of the governing equations for
elastostatics and present their corresponding weak
form. Specifically, it focuses on the case where an
internal boundary exists, across which the
displacement field may experience discontinuity.

The momentum equation in the context of
fracture mechanics typically relates to the dynamic
behavior of crack propagation. The equation can be
written as [32]:

pg—:+V~a+f=0 (20)

Where p is the density of the material, v is the

velocity field, o is the stress tensor, f is the body
force vector (gravitational forces), and V- o is the
divergence of the stress tensor, representing
internal forces within the material. Consider a
domain ) bounded by the surface I'. The

boundary I' is divided into subsets, I',, and I'_,
such that I'=T, UT, UT,, as illustrated in Figure
5. Prescribed displacements are applied on I" ,
while tractions are specified on I',. The crack

surface I’ (represented as lines in 2D and surfaces

in 3D) is assumed to be free of tractions [32]. The
equilibrium equations describe the balance of
internal stresses and external forces in a solid
containing crack. The following equation governs
this equilibrium [33]:

V:o+F,=0 in Q 21
Where (o) is the Cauchy stress tensor, (F})

represents the body force vector, and (Q2) is the
domain, including crack regions. This equation
ensures that stress redistribution around cracks and
the interaction of internal and external forces
maintain equilibrium in the fractured medium. The
boundary conditions define the interactions
between the solid and its surroundings, including
applied loads and crack surfaces. The following
equations represent the boundary conditions for a
cracked domain [34]:

o-n=F, on I,
o-n=0 on I, (22)
c-n=0 on I'

Where [; is traction boundary, [} is
displacement boundary, I, is crack boundary, o is
Cauchy stress tensor, Fj, is body force vector, n is
denoting the unit outward normal vector, and F; is
external traction vector [34].

e=¢(w)=Vu (23)
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Here V¢ denotes the symmetric part of gradient
operator. The boundary conditions are as follows:

u=u on I, (24)

rll

Figure 5. Body with internal boundary subjected to
loads [34].

The constitutive relation is defined by Hooke’s
law, which relates stress and strain in linear
elasticity [34].

c=C:¢ (25)

Here o is the Cauchy stress tensor, € is the
strain tensor, and C is the Hooke’s constant
(stiffness tensor), which representing the material's
elastic properties. The symbol (:) denotes the
double-dot product of tensors.

4. Numerical Solutions

The crack propagation mechanism due to
hydraulic fracturing process can be numerically
simulated using the extended finite element method
(XFEM). The solution results can be verified by the
analytical and semi-analytical solutions. In this
research, the semi-analytical indirect boundary
element method is used as a basis for verification
of the simulated results.

Journal of Mining & Environment, Vol. 17, No. 2, 2026

4.1. Extended Finite Element Method

The Extended Finite Element Method (XFEM)
is an advanced computational technique used to
model and simulate crack propagation and other
discontinuities in materials. It extends the
traditional Finite Element Method (FEM) by
enriching the solution space with additional
functions that can represent discontinuities, such as
cracks, within elements without needing to re-mesh
as cracks grow. XFEM is particularly effective in
modeling problems involving fracture mechanics,
including crack initiation, propagation, and
complex crack behavior in materials subjected to
mechanical loading. It is widely used in
engineering fields to analyze structures where
cracks or other discontinuities may develop and
evolve over time.

In the presence of a crack, the solution space
must accommodate functions that can represent
discontinuities in the displacement field.
Therefore, the weak form of the equilibrium
equation in XFEM is expressed as [29, 30]:

J.ﬂcr:VudQ—J;lbde—J.r/t'udF—J.r/DtDudF=0 (26)

Where (2 is the domain of the body under
study, I' is the boundary of the domain €, I'; is
the fracture surface, o is the stress tensor, b is the
body force, ¢ is the boundary traction, [[¢] denotes
the jump in traction across the crack, and v is the
test function or weight function. For a single crack
in two dimensions, let (I'_) represent the crack

surface (interior) and (A_) denote the crack tip,

with the closure (I', =", U A ). Now, consider a

point (X) located within a finite element (e). The
enriched displacement approximation for a vector-
valued function (u”(x):0% —=07?) is expressed
as [36]:

u'(x)=D N,(xu, + Y. N,(0)H(X)a, + Y NAx){iFa(x)b,“}

Ied Iel 1]

27

In this formulation, (N,) represents the
standard  finite  element shape function
corresponding to node (/), while (u,) denotes the

nodal displacement vector associated with the
continuous part of the finite element solution. The

term (a,) is the nodal enriched degree of freedom
vector linked to the Heaviside (discontinuous)
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function, and (b7) is the nodal enriched degree of

freedom vector associated with the asymptotic
crack-tip  function. In the equation, (

U= {nl, Hy,..... ,nm} ) refers to the set of all nodes
within an element [36].

0, ={ngngel, oy NA, =0} (28)
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Or={n,:nel, o, T, #0 ,n,¢0,} (29

O,ntb.=0 (30)

Here (U |-) represents the nodes whose shape

function support is intersected by the crack interior
(I',), and (UJ , ) denotes the nodes whose shape

function support is intersected by the crack tip (A,
), @ =supp(n, ) is the support of the nodal shaped

(a)
Figure 6. (a): The set of nodes elected for enrichment, (b): Polar coordinates at crack tip [36].

For crack problem, two sets of enrichment
function are used:

e The function H (x), the modified Heaviside

function which takes on the value (+1) above the
crack and (—1) below the crack.
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function, which consists of the union of all crack-
tip elements with n, as one of its vertices.
Similarly, @ =supp(n,) is the support of the
nodal shaped function, which consists of the union
of all crack interior elements with #, as one of its

vertices. The definition of the enrichment support
domain is illustrated in Figure 6. The circled nodes

are enriched by the crack-tip function F, whereas
squared nodes are enriched by the jump function H.

00N
Crack et \\Jaatk tip
Vi PR<e\  pynain/2

(b)

o The function F, (x), which is a basis that spans
the crack-tip asymptotic fields [36].

F (r(x),0(x) = {\/; sing, x/;cosg, x/;singsin 0, x/;cosgsin 6’} (31)

Where (7,60) is a polar co-ordinate system with

its origin at the crack-tip and & =0 tangent to the
crack at its tip, as show in Figure 6. Note that (

Jr sin(6/2)) takes into account the discontinuity

across the crack face. The Extended Finite Element
Method (XFEM) in Abaqus enables efficient crack
modeling without requiring the mesh to align with
crack geometry. It enhances fracture simulation
through crack-tip enrichment, which introduces
additional degrees of freedom (DOFs) to capture
stress singularities, and the phantom node method
(PNM), which allows progressive crack opening by
duplicating and separating nodes based on the

cohesive traction-separation law. Abaqus employs
the Heaviside function for fully cut elements and
an asymptotic function for crack-tip regions, with
the level set method dynamically updating crack
geometry [37] . By combining crack-tip
enrichment and phantom nodes, XFEM in Abaqus
accurately models stress fields and seamless crack
propagation while maintaining numerical stability.
These techniques improve fracture modeling
efficiency, making XFEM a powerful tool for
simulating complex crack behavior in engineering
applications [38].
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4.2. Boundary Element Method

The boundary element method is among the
most effective numerical techniques for solving
problems in fracture mechanics. In boundary value
problems, an integral equation defined within a
specific domain can be transformed into a
boundary integral equation over the boundary of
that domain. To numerically solve the boundary
integral equation, the domain's boundary must be
divided into segments, referred to as boundary
elements. The BEM is based on Betti’s reciprocal
theorem. Assuming that (1) represents the loading
of interest and (2) represents a reference loading
with a known solution, Betti’s theorem, in the
absence of body forces, can be expressed as
follows [39].

J.SJ;“)ufz)dS :J‘STl_mu;l)dS (32)

Here (S) represents the boundary of the domain,
(T7) and (u;) are the components of the traction and
displacement vectors, respectively, and the
superscripts indicate the loading cases (1) and (2).
By applying Betti's reciprocal theorem to the
boundary conditions, when a unit force is applied
at an interior point ( X"), it generates displacements
and tractions at the surface point (x), resulting in
[39]:

w(X)=— T xS0+ U (XX, (050 (33)

Here T, and U, represent the fundamental

solutions, u,(X') denotes the displacement vector
at the interior point X', and u,(x), and 7,(x) are

the reference displacement and traction vectors at
the boundary point X . If X' approaches X, where,
X is a boundary point, equation (33) transforms
into:

%u, (x)+ j T (X Xu,; (x)dS(x) = j Uy (X0 (0dS(x)  (34)

Assuming the boundary is smooth, solving for
the unknown boundary data requires dividing the
boundary into elements and approximating the
equation with a system of algebraic equations.

The BEM is a powerful alternative to the FEM,
offering the key advantage of reducing the
problem's dimensionality by one. This results in a
smaller system of equations and less data for
analysis. BEM is particularly beneficial for
problems with frequent modifications, as it
simplifies mesh generation and eliminates the need
for complete re-meshing, making it more

Journal of Mining & Environment, Vol. 17, No. 2, 2026

compatible with existing solid modelers and mesh
generators [39].

5. Numerical Modeling Procedures

In numerical modeling of fracture mechanics,
ensuring accuracy and reliability requires a
structured approach. This section covers the key
procedures, including initialization, mesh
sensitivity analysis, and verification. Proper
initialization defines the problem setup, mesh
sensitivity examines the influence of discretization,
and verification ensures the correctness of the
numerical implementation.

5.1. Initialization of Numerical Modeling

The first step of modeling involves identifying
and establishing an initial analytical solution and
numerical modeling to compute and determine the
crack aperture, ensuring the accuracy and validity
of the modeling approach. In this phase, an
analytical method is employed to evaluate the
crack aperture, which serves as a benchmark for
validating the chosen numerical method. This
process is initially formulated while considering
the appropriate boundary conditions. The initial
geometric model consists of a planar crack
embedded in an infinite domain under internal
pressure. To validate the developed code, the
problem is formulated based on the Constant
Element Poroelastic Displacement Discontinuity
Method (CEP-DDM). In this model, an extremely
thin crack with (2L) length; is considered within an
elastic medium subjected to a constant internal
pressure. Additionally, the relative normal
displacement of the crack surfaces (crack opening

w f), is derived analytically by the following
equation [40].

w, =M\/L2—x2 (35)
‘ G

Where (x) in —L < x < L is interval and G is
the shear modulus. The elastic modulus, E is
determined using the following equation.

E=2G(1+v) (36)

Where v is Poisson’s ratio. The input material
parameters are taken from an analytical solution
method which presented in the Table 3. The
problem has been analyzed using the proposed
numerical method. At the moment of loading, the
medium  responds  elastically  (undrained
condition), and the model's response corresponds
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to that of an elastic system with appropriate
undrained coefficients [40].

Table 3. Input parameters for model
verification of a pressurized crack problem in an
elastic media [40]

Input Parameters

E (GPa) 34.06

v 0.31

Pinj (MPa) 30

G (MPa) 13

2L (m) 1

X From -0.5 to +0.5

The elastic modulus, shear modulus, and
Poisson’s ratio significantly influence the model
response. A sensitivity analysis can determine how
variations in these parameters affect crack aperture
and stress distribution around the crack tip. This
aspect will be further examined to ensure the
robustness of the numerical model. Additionally, in

(@)

The degeneration of elements and the collapse
of nodes near the crack tip leads to a more intricate
mesh geometry, as depicted in Figure 7-b. The
model consists of the CPS4R element type, a
quadrilateral element shape, a linear geometric
order, and a total of 5767 nodes and 5616 elements
(Figure 8). In this modeling, these types of
elements and nodes are used to accurately capture
the mechanical behavior of the structure under the
given conditions. It is widely applied in mechanical
problems, particularly in stress and strain analysis
of elastic materials. Each node has two degrees of
freedom (displacement in the (x) and (y)
directions), allowing for accurate modeling of
structural deformations. To ensure precise results,
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the discussion and conclusion section, the analysis
sensitivity is presented in more detail to highlight
the effect of these parameter variations on fracture
behavior. For an appropriate simulation and
verification using the XFEM, the geometry of the
model is assumed to be finite, and tensile stress is
applied along the Y-axis at the upper and lower
boundaries of the model in opposite directions.
Additionally, the boundary conditions along the X-
axis are fixed, meaning there is no horizontal
displacement at the vertical boundaries of the
model. These boundary conditions ensure a
realistic simulation of crack initiation and
propagation while preventing rigid body motion.
Proper constraints along the X-axis and applied
tensile stress along the Y-axis help achieve
accurate fracture modeling using XFEM. In Figure
7 (a) shows the boundary conditions and the
applied force method; and (b) shows the meshing
form around the initial crack.
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(b)
Figure 7. (a): Boundary conditions and applied force method, (b): meshing form around the initial crack.

the mesh must be carefully designed, especially
near the crack tip, where quadrilateral elements
collapse into triangular shapes to capture the stress
singularity effectively. This refinement is crucial
for modeling high-stress gradients and deformation
patterns, improving numerical accuracy, enhancing
convergence, and minimizing errors, as supported
by Dassault Systems [41].
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CPS4R: 4-Node Bilinear Plane Stress Quadrilateral

Y-axis
o

-1 0 1
X-axis
Figure 8. CPS4R element 4 node bilinear
quadrilateral for plane stress analysis.

Here is a visual representation of the CPS4R (4-
node bilinear plane stress quadrilateral) element.
The red numbers indicate the node numbering in
counterclockwise order.

5.2. Mesh Sensitivity and Related Explanations

In Finite Element Analysis (FEA), mesh
sensitivity refers to how dependent the simulation
results (such as stress, strain, or displacement) are
on the size and type of elements used in the mesh.
One critical aspect in this regard is the selection of
an appropriate element type, here specified as
CPS4R. The CPS4R element is a quadrilateral
element with four nodes, where "C" stands for
continuum, "P" for Plane, "S" for Stress (indicating
plane stress conditions), "4" denotes the number of
nodes, and "R" stands for Reduced Integration.
This element is commonly wused in two-
dimensional problems under plane stress
conditions. The reason for choosing CPS4R is that
it provides a good balance between accuracy and
computational efficiency. The reduced integration
technique helps prevent shear locking in problems
involving large deformations and reduces
computation time. However, care must be taken to
avoid issues like "hourglassing," which may
require additional scrutiny. The XFEM is designed
to model discontinuities, such as cracks, without
requiring the mesh to confirm to the discontinuity
geometry. To ensure convergence in XFEM,
several key factors must be considered. The mesh
size must be sufficiently refined, particularly near
discontinuous regions like crack tips, to accurately
capture sharp field variations, such as stress
singularities. XFEM employs enrichment functions
to describe the behavior of discontinuities, and
selecting appropriate functions, such as singular
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functions for crack tips, is critical for convergence.
To confirm convergence, analyses are typically
conducted with progressively finer meshes, and
results, such as stress intensity factors, are
compared; convergence is achieved when further
mesh refinement produces negligible changes in
the results [42].

5.3. XFEM Modeling and Verification for
Pressurized Crack Problem

The second step of modeling focuses on model
verification, which involves systematically
comparing simulation outcomes with established
theoretical or experimental benchmarks. This
process ensures the model’s ability to replicate
real-world fracture mechanics phenomena, such as
crack initiation, propagation, and stress distribution
under predefined loading and boundary conditions.
To validate accuracy, critical quantitative metrics
including SIFs, fracture propagation paths, and
energy release rates are analyzed and matched
against reference data. This rigorous verification
step confirms the model’s fidelity in capturing the
underlying physics of fracture behavior and
guarantees its reliability for further predictive
analysis. The SIF for an infinite plate containing a
central crack under tensile loading, based on
LEFMs is calculated using the following Equation
[43].

K ~0\/ﬂL(1—Lj(l—£jil/2 37
" 2b b
The critical SIF is derived from following
Equation as outlined in this section [43].

F, L L\
K, ~E\/HL(1—EJ(1—FJ (38)

While, the critical fracture energy is determined
via Equation (14) [43].

G, = 1-v
E
In the XFEM simulation of fracture
propagation, the critical load required to initiate
crack growth is identified as 30 GPa (Figure 9).
This figure illustrates the STATUSXFEM
parameter, a numerical output indicating the
progression of the fracture. Non-zero values of
STATUSXFEM represent active crack
propagation, whereas a value of 1 denotes the
complete degradation of cohesive interactions
within the fractured section [44].

K} (39)
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STATUSXFEM
(Avg: 75%)
+1.000e+00
+9.167e-01
+8.333e-01
+7.500e-01
+6.667e-01
+5.833e-01
+5.000e-01
+4.167e-01
+3.333e-01
+2.500e-01
+1.667e-01
+8.333e-02
+ +0.000e+00
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ODB: Job-1.0db Abaqus/Standard 2022 Fri Dec 27 21:53:12 Iran Standard Time 2024

X Step: Step-1

Increment 14: Step Time = 3.4691E-02

Primary Var: STATUSXFEM

Figure 9. Status for crack initiation and growth using XFEM.

For an accurate simulation and validation using
the XFEM, the model's geometry is considered
finite, and tensile stress is applied in opposite
directions along the Y-axis at the upper and lower
boundaries. The crack opening displacement and
fracture behavior are analyzed using equations (35)
and (36), which provide a mathematical framework
for evaluating crack initiation and growth under
tensile loading. These equations play a crucial role
in predicting the fracture response of the material
and ensuring the reliability of the numerical
simulation.

The COD is calculated within the interval [-0.5,
0.5] with a step size of 0.5. This structured interval
allows for a systematic evaluation of displacement
variations along the crack front under applied
loading conditions. To analyze the crack growth
behavior, the COD variations are simulated using
the XFEM. This method effectively models crack
formation and growth without requiring predefined
crack paths, providing a more accurate
representation of fracture mechanics. The
computed COD values at each point in BEM
example within the defined interval are presented
in the Table 4, providing a clear numerical
representation of displacement variations [40].

Table 4. Computed COD values at each point
within the defined interval

X (m) Wi (m) X (m) Wi (m)
0 0.00318 0 0.00318
0.1 0.00317 -0.1 0.00317
0.2 0.00312 -0.2 0.00312
0.3 0.00304 -0.3 0.00304
0.4 0.00292 -0.4 0.00292
0.5 0.00276 -0.5 0.00276
0.6 0.00255 -0.6 0.00255

The results from the XFEM simulation are then
plotted to illustrate the displacement trends along
the crack front. For validation, the obtained
numerical results are compared with the analytical
solution and BEM. Additionally, a comparative
plot of the COD curve is generated to visually
assess the consistency between the XFEM, BEM
and the analytical solutions, ensuring the accuracy
and reliability of the numerical model Figure 10.

Crack Opening Displacement
0.0033
0.0032
0.0031
0.003
0.0029

WI (m)

0.0028
0.0027

0.0026
-0.6 -0.4 -0.2 0 0.2 0.4 0.6

X (m)

—&— Analytical XFEM —e—BEM

Figure 10. Comparing the XFEM, analytical and
BEM results for COD values of the pressurized
crack problem.

5.4. Numerical Error Analysis Between XFEM
and BEM Results

To assess the accuracy of XFEM in modeling
crack propagation, it is essential to validate its
results against a benchmark solution such as the
BEM. BEM is widely used for fracture mechanics
problems due to its ability to provide highly
accurate stress intensity factors (SIFs) with
minimal meshing requirements. A comparative
analysis between XFEM and BEM can highlight

730



Zeerak et al.

numerical discrepancies and provide insights into
error sources [45].

The numerical error between XFEM and BEM
results can be analyzed using the relative error in
stress intensity factors (SIFs) [32]:

K - K
Eg, = | e L 100%

(40)

BEM

Here K., and K, are the stress intensity

factors computed using XFEM and BEM,
respectively. A lower Egir value indicates a higher
agreement between the methods [32].

XFEM requires adequate mesh refinement near
the crack tip to capture the singular stress field.
Coarser meshes can introduce errors in SIF
estimation, leading to deviations from the BEM
reference values. The choice of enrichment
functions in XFEM affects its ability to
approximate the exact solution. Improper selection
of the enrichment zone may lead to localized
errors, especially in complex crack paths. While
BEM provides highly accurate results, its accuracy
depends on the boundary discretization and kernel
function approximations. Small numerical errors in
BEM can propagate when used as a reference for
validation. XFEM inherently supports complex
crack paths, whereas traditional BEM formulations
often rely on simpler geometries. This difference
may cause slight variations in crack propagation
predictions [45]. Comparing XFEM and BEM
results provides a robust framework for validating
crack propagation simulations. By analyzing SIF
errors, adjusting mesh density, and refining
enrichment strategies, the accuracy of XFEM can
be improved. The validation process ensures that
XFEM solutions remain reliable for practical
fracture mechanics applications.

6. Results and Discussion

Numerical modeling serves as a cornerstone in
fracture mechanics, offering a robust framework
for analyzing crack behavior with high precision.
In this study, the XFEM was employed to simulate
crack formation, aperture opening, and propagation
in hydraulic fracturing processes. To validate the
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computational model, a confined square domain
was constructed, featuring a central crack and
central cylindrical wellbore representing the fluid
injection zone.

The investigation explored multiple crack
configurations to assess their mechanical response:

o Single crack: A single crack oriented at specific
angles relative to both axes (U1, U2).

o [Effect of crack angle orientation on crack
formation and growth state (XFEM).

e Multiple crack: A complex arrangement
involving three or more interacting cracks.

o Analysis sensitivity of the model.Single Crack:
A single crack oriented at specific angles
relative to both axes (U1, U2)

This scenario examines the behavior of a single
crack oriented at 0°, 15°, 30°, and 60° relative to
the horizontal axis, focusing on crack formation
and the corresponding crack opening displacement
in the U1 (horizontal) and U2 (vertical) directions.
A homogeneous geometry model without a central
hole is used to analyze how varying crack
orientations affect the initiation and propagation of
cracks, with the results compared to those from a
reference model to validate the methodology.
Numerical and analytical techniques are employed
to capture deformation patterns near the crack,
revealing that lower angles (closer to 0°)
predominantly induce horizontal displacement
while higher angles progressively increase the
vertical component of displacement.

For a 0° crack angle, the crack is aligned
parallel to the horizontal axis (Ul). Applying a
tensile force along the y-axis primarily induces
crack opening in the (U2) direction (vertical
displacement), characteristic of mode I fracture.
The crack opening displacement (COD) is
symmetric about the horizontal axis, with tensile
stresses concentrated along the crack faces.
Horizontal displacement (Ul) remains minimal
and does not significantly contribute to crack
propagation. Figure 11 illustrates the crack path (a)
and its opening mode (b) at a zero-degree angle in
(U1 and U2) directions.
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(@)

The analysis further indicates that deformation
is primarily governed by vertical displacement
(U2), while (U1) displacements remain negligible.
This behavior aligns with linear elastic fracture
mechanics expectations for mode I loading. The

(b)
Figure 11. Crack propagation path (a) and crack opening displacement at a 0° crack angle (b).

Figure 12 present displacement analysis in both
(U1) and (U2) directions, demonstrating the extent
of displacement in each direction and their
influence on crack opening.

r Crack opening displacement curve in Ul Y Crack opening displacement curvein U2 Y
0.0015 1.00E-03
0.001 5.00E-04 n A
A
0.00E+00 o e
5, (Y < 1> 2 3 4 5 6
Hl b E -5.00E-04
Z o g
g 1 2 4 6 £ -1.00E-03
'g- -0.0005 a
2 a8
= 2 -1.50E-03
=LALL -2.00E-03
-0.0015 2.50E-03
X- Distance along path X- Axis along path
—®—Path in X Axis direction —8—Path in X Axis direction

(@)

(b)

Figure 12. Displacement analysis curve in both directions (U1, U2).

When a crack is inclined at 15° relative to the
horizontal axis, shear components are introduced
alongside tensile stresses. This configuration
results in mixed-mode fracture behavior, where
both horizontal (Ul) (a) and vertical (U2) (b)
displacements contribute to the overall crack

opening. The path in both the x and y axes for
analyzing crack formation and growth in the (U2)
direction, which indicates the opening of the crack,
is illustrated in the Figure 13. The stress intensity
factors exhibit moderate mode II contributions due
to the slight angular deviation from the horizontal,
leading to a symmetry in the crack opening profile.

(@)

(b)
Figure 13. Crack propagation path and COD in both axes (x, y) at a 15° crack angle.
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The analysis shows that while the horizontal
displacement remains dominant, the vertical
component is no longer negligible, and the
interaction between the two directions begins to
influence the crack propagation path. Figures (a)
and (b) show the crack opening displacement in U2

Journal of Mining & Environment, Vol. 17, No. 2, 2026

direction; that the analysis path is in the x and y
axes direction. Also, the figures (c) and (d) shows
the crack opening displacement curves in Ul
direction which the analysis path are in x and y axes
directions (Figure 14).

Crack opening displacement curve in U2

Crack opening displacement curve in U2
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—&—Path in X Axis direction —®—Path in Y Axis direction
(2) (b)
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X- Distance along path
—®—Path in Y Axis

(c)

(d)

Figure 14. Crack opening displacement curves in (U1, U2) along x and y axes directions.

To analysis this behavior, numerical methods
such as the (XFEM) can be employed to simulate
the stress and displacement fields around the crack
tip. This approach allows for a detailed
understanding of the mixed-mode loading
conditions and their effects on crack growth.
Experimental studies can also provide valuable
insights into the crack propagation under mixed-
mode loading. By combining numerical
simulations ~ with  experimental data, a
comprehensive understanding of crack behavior
under mixed-mode loading can be achieved,
facilitating the development of more accurate
predictive models for material failure.

For a 30° crack orientation: At a 30°
orientation, the crack experiences a significant mix
of both mode (I and II) loading, resulting in a

pronounced coupling between horizontal and
vertical displacements. Figure 15 (a and b),
illustrates the crack opening mode at a 30° angle.

The opening displacement is more balanced
between Ul and U2, reflecting the increased
influence of shear stresses on the crack faces. This
mixed-mode behavior causes a more complex
stress field near the crack tip, which can alter the
crack propagation direction and increase the
likelihood of crack branching or kinking. The
detailed analysis demonstrates that the relative
contributions of the Ul and U2 displacement
components are nearly comparable, making this
orientation particularly sensitive to variations in the
applied load and material properties. Figure 16 (a
and b), shows the COD curves in both directions
(U1, U2).
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(@) (b)
Figure 15. Crack opening displacement at 30° in (U1, U2) directions.
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Figure 16. The crack opening displacement curves in the Ul and U2 directions.

For a 60° crack orientation: When the crack is
oriented at 60° with respect to the horizontal axis,
the vertical (U2) displacement becomes the
predominant mode of crack opening. The
following figures (a and b) illustrate the crack
opening displacement at 60° in both direction (U1,
U2) Figure 17.

In this section the crack is nearly aligned with
the vertical direction, so the tensile stress induces a
significant opening in the U2 direction, while the
horizontal displacement (Ul) plays a secondary
role. The stress intensity factor is largely governed

by mode I loading in the vertical direction,
although residual shear effects are still present due
to the angular orientation. The analysis reveals that
the crack propagation is strongly directed along the
path of maximum tensile stress in the vertical axis,
leading to a more pronounced asymmetry in the
crack opening profile compared to lower angles,
and potentially influencing the subsequent fracture
process in a manner that favors vertical
propagation. Figure 18 (a and b), shows the crack
opening displacement curves in the Ul and U2
directions.

(@)

(b)
Figure 17. Crack opening displacement along U1 and U2 directions at 60°.
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Figure 18. Crack opening displacement curves in the Ul and U2 directions.

As the crack angle increases from 0° to 60°, the
maximum displacement occurs in the U2 direction,
and the highest crack opening displacement is
observed at 60°. These changes indicate the
influence of crack orientation on stress distribution
and localized deformation. Numerical analysis also
reveals that with increasing crack angle, the crack
growth path alters, and stress concentration at the
crack tip intensifies, potentially leading to early
instability and accelerated structural failure.

The crack angle, ranging from 0° (horizontal
under vertical tensile loading) to 60° (inclined),
critically affects crack growth and material failure,
as explained by Linear Elastic Fracture Mechanics
(LEFM). As the angle increases, the SIF shifts K;
(opening mode) decreases while Kj; (shear mode)
rises prompting greater crack deviation, consistent
with the maximum circumferential stress criterion
predicting growth toward maximum tensile stress.
Numerical methods like XFEM and BEM confirm
this trend, showing reduced K; and increased K
with rising angles, impacting crack stability and
strain energy release rate (G), especially in brittle
materials. Linking these findings to fracture
mechanics theory validates numerical models and

5.833e-0
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+4.167e-01

3 -0

Y ODB: Job-1.0db
Step: Step-

2 x Increment ep Time= 6
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enhances understanding of crack propagation
mechanisms.

6.1. Effect of Crack Angle Orientation on Crack
Formation and Growth State (XFEM) (0° and
60°)

For the first orientation angle from 0° to 60°, to
evaluate the effect of crack orientation angles on
the formation and propagation state of cracks in
XFEM, an angle of 15° has been selected for this
scenario. Additionally, crack formation and growth
up to 60° remain stable and can form and
propagate normally. However, beyond this angle
up to 90°, both crack formation and growth
decrease. At a low angle (15°), the crack
propagation follows a relatively stable and linear
path, aligned closely with the initial crack
orientation. Adhesion between crack surfaces plays
a significant role in resisting crack opening, which
reduces the likelihood of rapid crack growth. The
fracture energy (G,) required to propagate the

crack is comparatively low, and the cohesive zone
model would show gradual debonding, indicative
of stable growth. The status of crack growth (a) and
displacement curve (b) shown in Figure 19.

Crack growth status curve at 15 degree
12

1
0.8
0.6
0.4

0.2

Status XFEM (mm)

0

0 0.00005 0.0001
-02

.00015  0.0002 0.00025 0.0003 0.00035 0.0004

X - distance along path
—&—Path

(b)

Figure 19. Status of crack growth and displacement curve at 15°.
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In this scenario, the stress intensity factor (SIF)
for Mode I (k,) is dominant, as tensile stresses
primarily act to open the crack. The contribution of
Mode II, SIF (K, ) is minor, due to the near-
parallel alignment of the crack with the principal
stress  direction. The combined SIF (
K, = ,/Kf + Kf]) remains moderate, resulting in
slower crack growth. The material's toughness (G,

) is not fully utilized, as the energy release rate (G)
status below the critical value, ensuring a stable
crack propagation process.

STATUSXFEM
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At 60°, the crack propagation becomes highly
unstable, with a significant deviation in its path.
This behavior is influenced by the increased
normal stress acting perpendicular to the crack
plane, which reduces the effectiveness of adhesion
and facilitates rapid debonding. The fracture

energy (G,) is reached and exceeded quickly,
leading to an unstable propagation process. The

status of crack growth (a) and displacement curve
at 60° has shown in Figure 20.

Crack growth status curve at 60 degree

Status XFEM (mm)

0 1 2 3 4 5 6

X - distance along path
—o—Path

(b)

Figure 20. Status of crack growth and displacement curve at 60°.

In this case, both Mode I (K;) and Mode 11 (K1)
SIFs contribute significantly to the crack growth,
creating a mixed-mode stress state. The effective
SIF (quf) is much higher than at 15°, causing

greater stress intensities at the crack tip. The crack
tip plastic zone also expands due to these
intensified stress concentrations, promoting
unstable growth. This results in rapid energy
dissipation and a larger extent of structural damage,
which is characteristic of brittle fracture under such
high stress intensities. The analysis reveals that

crack orientation has a significant impact on crack
growth behavior and fracture mechanics. At 15°,
stable crack growth is observed due to moderate
stress intensities and gradual energy dissipation.
Adhesion and toughness play a crucial role in
resisting crack propagation, ensuring structural
integrity. Conversely, at 60°, crack growth
becomes unstable and accelerated due to higher
stress intensities, mixed-mode fracture behavior,
and rapid energy release (Table 5).

Table S. Comparative Analysis of stable and unstable crack growth

15" (Stable Growth) 60° (Unstable Growth)
Moderate K, K;dominant High K, mixed-mode KKy

Parameter

Stress intensity factor

Fracture energy (G, ) Reached slowly, stable growth Exceeded quickly, unstable growth

Toughness utilization Partial utilization

Full utilization, possible failure

Crack path Linear propagation

Deviated and unstable

Plastic zone

Small and localized

Large, risk of yielding

6.2. Multiple Crack: A complex arrangement
involving three or more interacting cracks (U2,
S22)

In this scenario, three critical aspects related to
crack formation and growth are discussed:
displacement in the U2 direction, variations in

stress distribution near the crack tip in the S22
direction, and crack opening mode. For this
analysis, multiple cracks are predefined at angles
of 60° and 120°. The obtained numerical
modeling results are compared with those from the
boundary element method (Abdollahipour, 2015),
and the findings are interpreted accordingly. The
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XFEM also plays a significant role in the numerical
modeling of fracture mechanics problems,
effectively predicting the formation and growth of
both single and multiple cracks at various angles.
The crack opening displacement and its
propagation generally increase from 0° to
approximately 75° Beyond 75°, crack growth may
cease, depending on the alignment between the
applied loading path and the predefined crack
angle. In such cases, cracks may form but not

U, 02 A

m TN
T 45852603 =

(@)
Figure 21. Asymmetric crack growth and state of the multiple-crack formation at 60°.

When the SIF reaches a critical threshold,
cracks extend along a path determined by the stress
field. The presence of multiple interacting cracks
modifies the SIF distribution, affecting the
direction and rate of crack growth. Strong adhesion
between crack surfaces can resist propagation by
reducing crack opening displacement, requiring
higher applied stress to drive growth. A material’s
fracture toughness, which dictates its resistance to
crack propagation, determines the energy needed
for cracks to advance. Higher fracture toughness
means greater energy is required. In multi-crack
scenarios, local stress concentrations influence the
critical stress intensity factor (Kic), altering crack
paths and velocities.

Figure 22 illustrates crack growth in a multiple-
crack configuration at 120°. The figures (a) and (b)
show the most effective propagation pattern: the
initial crack aligns with the horizontal axis, while
two secondary cracks extend symmetrically at
120° from it. This setup ensures stable growth and
uniform  crack opening, highlighting the
importance of aligning the initial crack with the x-
axis. The symmetrical secondary cracks promote
balanced stress distribution and controlled fracture
expansion, suggesting this configuration is ideal
for predictable and efficient crack propagation.
This is in contrast, the figures (c) and (d) depict a
less favorable scenario where the initial crack
aligns with the vertical axis, and secondary cracks

Journal of Mining & Environment, Vol. 17, No. 2, 2026

propagate further. When the predefined crack angle
exceeds 90°, the crack initially grows over a short
path along the horizontal axis. As the crack angle
approaches 90°, stress distribution in the S22
direction decreases while adhesion forces increase.
Crack propagation and crack opening displacement
are directly influenced by the SIF and fracture
toughness (Kic). Figure 21 (a) and (b) illustrate the
asymmetric crack growth and state of the multiple-
crack formation at 60°.

L +0.000e+00

2 SunMar 16 01:15:26 Iran Standard Time 2025

ODB: Job-1.0db  Abaqus/Stan
Step: Step-1
ent  23: Step Ti

actor: +1.000e+01

(b)

extend at 120°. Here, only the secondary cracks
propagate, while the initial crack remains static,
indicating an unbalanced fracture network due to
suboptimal stress distribution. A similar pattern in
figures (e) and (f) emerges when the initial crack is
rotated 15° from the vertical axis: the secondary
cracks grow, but the initial crack does not. These
findings underscore that improper initial crack
orientation  hinders  balanced  propagation,
emphasizing the need to select an optimal angle for
uniform and controlled fracture growth.

A 120° fracture angle optimizes crack
propagation by enhancing stress distribution,
permeability, and fracture connectivity while
potentially lowering breakdown pressure. This
angle supports smoother crack growth, reduces
deflection, and aligns fractures with the in-situ
stress field, minimizing stress concentrations at
crack tips for more uniform propagation. However,
the extent of breakdown pressure reduction
depends on rock anisotropy and stress conditions.
The interaction of multiple fractures influences
propagation through stress shadowing, where
redistributed stress alters the SIFs of nearby cracks.
This effect can either impede or promote growth,
impacting fracture spacing, network complexity,
fluid transport, and mechanical stability. Fracture
toughness and energy demands are also affected,
playing a key role in resource extraction and
structural stability. This scenario underscores the
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significance of crack interactions and their
response to varying angles. The interplay of SIFs,

S, S22

(Avg: 75%)
+2.352¢+08

B 75410408

0 170304e407

m
]
b
2
&
8

ODB: Job-1.odb  Abaqus/Standard 2022 Sun Mar 16 01:34:57 Iran Standard Time 2025
4 Step: Step-1
Increment  65: Step Time - 6.6910E-02
‘Primary Var: §, 522
Deformed Var: U Deformation Scale Factor: +1.000e:01

(2)

m
3
g
]

ODB: Job-1.0db  Abaqus/Standard 2022 Sun Mar 16 01:47:26 Iran Standard Time 2025
Step: Step-1

Increment  71: Step Time - 6.3442E-02

‘Primary Var: $, 522

Deformed Var: U Deformation Scale Factor: +1.000¢+01

(c)

s, 22
(Avg: 75%)

ODB: Job-1.odb
4 Step: Step-1
s Increment 65: StepTime= 6.7438E-02
Primary Var: §, $22
formed Var: U~ Deformation Scale Factor: +1.000¢+01

(e)

2022 Sun Mar 16 01:24:32 Time 2025

Journal of Mining & Environment, Vol. 17, No. 2, 2026

adhesion, and fracture toughness governs crack
initiation, propagation, and arrest.

STATUSXFEM

Sun Mar 16 01:34:57 Iran Standard Time 2025
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(b)

+1.000e+01

(d)

Figure 22. The state of multiple crack openings and propagation at a 120° angle relative to the x and y axes.

6.3. Sensitivity Analysis

To assess the sensitivity of the model to
variations in material properties, a parametric study
was conducted by systematically altering the
elastic modulus, shear modulus, and Poisson’s ratio
from the given values in Table 3. For the sensitivity
analysis of the model, the parameter values are
systematically varied relative to the baseline values
provided in Table 6. Each parameter is tested once
with a reduced value and once with an increased
value compared to the initial values. Analysis
revealed the following trends:

Table 6. Input parameters for sensitivity analysis.

Parameters Values Parameters Values
E 38 GPa E 30 GPa
G 16 MPa G 10 MPa
v 0.4 v 0.25
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If the elastic modulus (£), shear modulus (G),
and Poisson’s ratio (v) are lower than the given
values, the crack aperture increases due to the
reduced stiffness of the medium, allowing for
greater deformation under the applied internal
pressure (P, =30 MPa). In this case, the crack

starts to propagate before the solution reaches the
target increments and step time (Figure 23(b)).
Conversely, if E, G, and Poisson’s ratio (v) are
higher than the given values, the crack aperture
decreases, as the stiffer material resists
deformation more effectively. In this case, when
the solution reaches the target increment and step
time, the crack does not start to propagate and
remains unchanged (Figure 23 (a)). The target
increment is 14, and the step time for the solution
is assumed 4.0908e-02 second.
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Figure 23. Crack opening state for decreased (E, G,

The stress distribution around the crack tip is
significantly influenced by the elastic modulus,
shear modulus, and Poisson’s ratio, as these
parameters determine the stiffness and deformation
behavior of the material. A lower elastic modulus
or shear modulus results in reduced stress
concentration, a more diffused stress field, and an
increased crack aperture due to the material's
higher compliance. In contrast, higher values of
these parameters cause stress to become more

Journal of Mining & Environment, Vol. 17, No. 2, 2026

STATUSXFEM

(Avg: 75%)

— +1.000e+00
+9.167e-01
+8.333e-01

—- +0.000e+00

ODB: Job-1.0db Abaqus/Standard 2022 Tue Apr 01 23:18:38 Iran Standard Time 2025

Step: Step-1
2 x Increment  10: Step Time = 3.3458E-02
Primary Var: STATUSXFEM
Deformed Var: U Deformation Scale Factor: +2.000e+01

(b)
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localized at the crack tip, increasing stress intensity
and reducing crack opening. Poisson’s ratio plays a
smaller role, but its decrease slightly raises stress
concentration and crack aperture, while its increase
leads to better stress redistribution and a minor
reduction in crack opening (Table 7). These
findings highlight the necessity of accurately
selecting material properties to ensure realistic
fracture modeling and stress analysis.

Table 7. Effect of E, G, and v variations on stress around the crack tip

Stress concentration near

Parameter change crack tip

Crack aperture Stress field effect

| Lower stress intensity

Stress spreads over a wider

| E (lower stiffness) (more diffused stress field) 1 Larger area
. . 1 Higher stress intensity Stress concentrates at the
1 E (higher stiffness) (more localized stress) | Smaller crack tip
| G (lower shear | Reduced shear resistance More significant Mode 11
. . 1 Larger
resistance) (more compliance) (shear) effects
1 G (higher shear 1 Higher shear resistance Increased stress concentration
. . | Smaller .
resistance) (localized stress) at the tip
1 v(<0.31) 1 Slight increase in stress 1 Slightly larger Reduced lateral contraction

near the tip

| Slight decrease in stress
concentration

1y 0.31)

Stress redistribution reduces

| Slightly smaller intensity

7. Conclusions

Numerical simulation of crack propagation
mechanisms due to hydraulic fracturing process is
of at most importance in geomechanics. These
mechanisms  improve and enhance the
understanding of crack growth behavior and
fracture mechanics principles in hydraulic
fracturing operations. In this study, the Extended
Finite Element Method (XFEM) was employed to
simulate crack growth, aperture opening, and crack
propagation  mechanism  during  hydraulic
fracturing processes. The findings provide critical
insights into the impact of crack orientation on
propagation, with a focus on optimal crack angles
that maximize permeability and improve fracture
performance. By investigating various crack

configurations, this research aims to refine the
predictive models used in hydraulic fracturing,
ultimately enhancing the accuracy of crack growth
predictions and providing a better insight of the
factors that influence fracture stability and
propagation in subsurface formations. The key
findings include:

o Crack orientation plays a crucial role in
determining propagation characteristics. Lower-
angle cracks tend to propagate more directly,
while higher angles introduce complex mixed-
mode behavior.

e Single crack scenarios at 0°, 15°, 30°, and 60°
revealed that vertical displacement (U2)
dominates crack opening, with increasing shear
effects as the angle rises.
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o The stability of crack growth varies with
orientation, where cracks at smaller angles
propagate more easily, whereas those
approaching or exceeding 90° require
additional stress to sustain growth.

o In multiple crack configurations at 60° and
120°, crack interaction effects significantly
influenced growth behavior, stress
redistribution, and fracture network
development.

o Crack opening displacement increased with
crack angle up to approximately 70°, beyond
which propagation was sometimes hindered due
to stress alignment with pre-existing fractures.

e The 120° crack angle proved to be the most
effective for enhancing permeability and
promoting stable crack propagation in hydraulic
fracturing applications.

e A decrease in elastic modulus or shear modulus
increases crack aperture due to reduced
stiffness, while an increase in these parameters
decreases crack aperture by limiting
deformation.

e Poisson’s ratio has a minor effect, with lower
values slightly increasing crack aperture and
higher values slightly reducing it, indicating a
marginal stiffening effect.

This study confirms that XFEM is a reliable
numerical method for modeling hydraulic fracture
behavior, demonstrating how crack angles, stress
distribution, and fracture mechanics parameters
govern fracture evolution. However, limitations
such as mesh dependency, convergence issues in
complex crack geometries, and the exclusion of
fluid flow interactions affect the accuracy of
results. Future research should integrate fluid-
structure interactions and anisotropic material
properties to improve predictive accuracy in
hydraulic fracturing simulations.
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