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 The geochemical and spatial characterization of legacy mine tailings is essential 
for identifying reprocessing opportunities and informing environmental 
management. However, the high compositional complexity of polymetallic tailings 
requires robust multivariate approaches. This study evaluates and compares the 
performance of four unsupervised clustering algorithms Euclidean K-Means, 
Riemannian K-Means, Gaussian Mixture Model (GMM), and Agglomerative 
Clustering applied to 927 samples from the Quiulacocha tailings deposit in Peru, 
using six major elements (Zn, Pb, Cu, Fe, Ag, Au) and spatial coordinates. All 
methods consistently identified three main geochemical domains. Cluster 1 was 
enriched in Cu and Au, Cluster 2 in Pb and Fe, and Cluster 3 in Zn, Ag, and Fe. 
Covariance-based methods (Riemannian K-Means and Agglomerative Clustering) 
outperformed others in internal validation (Silhouette scores up to 0.58) and 
consistency (Adjusted Rand Index = 1.00), offering more interpretable and 
geologically coherent partitions. CLR transformation reduced clustering 
performance, highlighting the importance of preserving raw geochemical variance 
for spatial segmentation. These findings demonstrate the effectiveness of 
multivariate clustering for unraveling compositional heterogeneity in tailings and 
delineating domains of potential economic value. The approach provides a 
quantitative framework for supporting reprocessing decisions, reducing risk, and 
guiding future research on mine waste valorization. 
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1. Introduction 

The large-scale processing of ores in the mining 
industry generates substantial quantities of solid 
waste annually, with mine tailings being among the 
most prominent byproducts [1]. These tailings, 
consisting of finely ground rock particles (D90 ≈ 
 m) [2], result from the physicochemicalߤ 100
treatment of ores and exhibit significant 
geochemical reactivity due to their high surface-
area-to-volume ratio and behavior in surface 
environments [3]. The oxidation of sulfide 
minerals within the tailings promotes the 
redistribution of trace elements and fosters the 
formation of secondary minerals, such as sulfates 

and iron oxyhydroxides [4], progressively altering 
their geochemical composition over time. 

In addition to their potential environmental 
impact, mine tailings also represent an 
underexploited economic resource. They may 
contain residual concentrations of valuable 
elements such as Au and Ag, alongside metals and 
metalloids including As, Pb, Cu, Zn, Cd, Co, and 
Ni [1], whose geochemical behavior is governed by 
factors such as redox potential, water saturation, 
and pH conditions [5, 6]. When present in 
economically significant concentrations, tailings 
can be reprocessed as a secondary source of metals 
[7–9]. For such recovery operations to be feasible 
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and efficient, it is essential to understand the spatial 
distribution and geochemical behavior of these 
elements within the tailings deposit [10]. 

However, characterizing the spatial and 
compositional variability of mine tailings remains 
a complex challenge. Georeferenced multivariate 
geochemical data exhibit high-dimensional 
structure, strong interdependencies among 
variables, and heterogeneous spatial patterns [11]. 
A key goal is to segment the deposit into 
homogeneous and spatially contiguous 
geochemical domains, which is vital for both 
environmental management and assessing 
metallurgical recovery potential. Furthermore, 
geochemical data derived from mine tailings are 
inherently compositional, reflecting relative 
concentrations constrained by a constant-sum 
limitation. Applying classical multivariate methods 
to such data may lead to biased or misleading 
interpretations [12]. Log-ratio transformations and 
compositional data analysis (CoDA) provide more 
robust alternatives for preserving the intrinsic 
structure of geochemical datasets [13–16]. Despite 
their relevance, these techniques are still rarely 
integrated into the spatial analysis of tailings. Their 
combination with clustering algorithms could 
enhance both the interpretability and statistical 
robustness of geochemical domain delineation. 

Comparable challenges in spatial segmentation 
have been encountered in other geoscientific 
disciplines, such as the delineation of climate zones 
[17], land use areas [18], archaeological sites [19], 
and mineralogical typologies [20, 21]. 
Traditionally, geochemical analyses have relied on 
univariate approaches or methods based on 
simplistic statistical assumptions, including mean 
±2σ thresholding [22], classical univariate analysis 
[23], conventional multivariate analysis [24, 25], or 
geostatistical techniques [26, 27]. Although useful, 
these methods are generally suited to datasets with 
relatively homogeneous geochemical backgrounds 
and assume known distributional patterns. More 
complex and nonlinear models, such as fractal and 
multifractal approaches [28–30], have also been 
used to represent complex geochemical systems, 
albeit with their own methodological limitations. 

Recent research underscores the potential of 
integrating fractal and machine learning techniques 
into geoscientific characterization. Pourgholam et 
al. [31] applied a deep learning fractal-wavelet 
approach to identify iron-apatite mineralizations in 
Tarom, Iran. Similarly, Farhadi et al. [32] showed 
that ensemble models, such as StackingC, 
significantly improve lithological classification. 
Saadati et al. [33] utilized stepwise fractal 

modeling with ASTER data to map alteration 
zones, while Samadi et al. [34] applied C-V and N-
S fractal models to delineate zones of effective 
porosity in a reservoir. In the context of mine 
tailings, Cotrina-Teatino et al. [35] conducted a 
geochemical and mineralogical characterization of 
critical elements in gold tailings from La Cienega, 
Peru, and assessed their reusability using ordinary 
kriging. Additionally, Cotrina-Teatino et al. [36] 
evaluated the strategic potential of lanthanum and 
scandium through unsupervised geochemical-
lithological analysis in southern Ecuador. 

The emergence of unsupervised learning 
techniques has opened new possibilities for 
analyzing multivariate geochemical data. Ahmed et 
al. [37] examined geochemical relationships using 
raster maps derived from LA-ICP-MS data, 
combined with logarithmic transformations. 
Nascimento et al. [3] studied mineralogy and metal 
mobility in altered deltaic sediments, emphasizing 
how natural weathering affects reprocessing 
potential. Wang and Chen [38] demonstrated the 
utility of a DAGMM model, based on deep 
autoencoders, in detecting complex geochemical 
anomalies. 

In parallel, numerous clustering-based 
approaches have been applied to geochemical 
analysis. Zhou and Maerz [39] incorporated 
orientation and spacing into cluster criteria. 
Stumpe and Marschner [40] combined K-Means 
and Random Forest to evaluate the thermal 
properties of tailings piles. Santos et al. [41] used 
multivariate techniques to analyze contaminant 
dispersion in Pb-Zn tailings. Jin et al. [42] proposed 
grouped factor analysis to overcome traditional 
factor analysis limitations, enabling the detection 
of spatial dependency patterns. Baragilly et al. [43] 
developed a non-parametric clustering method 
based on spatial rank functions. Xiao et al. [44] 
applied spatial clustering using self-organizing 
maps (SOM, Geo-SOM) to model geological risks. 

Interest continues to grow in methods that 
explicitly incorporate spatial information and 
multivariate dependency structures. Fouedjio [45] 
proposed a hierarchical method tailored to 
multivariate geostatistical datasets. Riquelme and 
Ortiz [46] employed Riemannian geometry to 
delineate complex spatial domains. Cotrina-
Teatino et al. [47] used a Riemannian K-Means 
model for classifying mineral resources in a copper 
deposit in Peru. Martin and Boisvert [48] integrated 
multivariate compactness metrics with spatial 
contiguity constraints in their clustering algorithm. 
Templ et al. [49] addressed the challenges of 
clustering geochemical data with non-normal or 
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multimodal distributions. Hajihosseinlou et al. [50] 
compared OPTICS, GMM, and K-Means for 
anomaly detection. Sadeghi et al. [51] and Jansson 
et al. [52] combined PCA and K-Means to identify 
prospective mineralization zones. Morales et al. 
[53] applied Genetic K-Means to soil gas data in 
geothermal studies. 

Other advances include Bayesian hierarchical 
clustering techniques [54], MCACA-based pattern 
recognition [55], clustering for geological domain 
definition [56], geodiversity assessment [57], and 
advanced deep clustering methods [58]. Tokuda et 
al. [59] and Li et al. [60] explored hierarchical 
variants and ensemble clustering strategies. 
Marquina-Araujo et al. [61] integrated 
autoencoders with K-Means to define geostatistical 
domains, while Martin and Boisvert [62] applied 
spatial clustering to evaluate stationarity decisions 
in geostatistics. Moreira et al. [63] combined 
machine learning and geostatistics for geological 
domain modeling. 

This review highlights that, despite significant 
advances in the application of multivariate 
clustering techniques to geochemical data, there 
remains a notable lack of systematic and rigorous 
comparisons among different clustering methods 
particularly those incorporating Riemannian 
geometry in the specific context of the geochemical 
and spatial characterization of mine tailings 
deposits. Furthermore, few studies explicitly 
address the consistency between methods or the 
robustness of the resulting segmentations, both of 
which are critical for practical implementation. 

To address this gap, the present study carries out 
a comprehensive comparison of unsupervised 
multivariate clustering methods, including 
Euclidean K-Means, Riemannian K-Means, 
Gaussian Mixture Model (GMM), and 
Agglomerative Clustering. These methods are 
applied to the geochemical and geospatial 
characterization of a mine tailings deposit, using 
both raw geochemical data and data transformed 
via the centered log-ratio (CLR) technique. This 
dual approach enables the evaluation of clustering 
performance under both conventional and 
compositional data structures. 

The structure of the manuscript is as follows: 
first, the geological context and geographical 
location of the study area are presented; second, the 
methodology and data processing are described; 
next, the clustering results are presented and 
analyzed; and finally, the conclusions and future 
perspectives are discussed. 

2. Geology and geographical location 

This study is based on a geochemical and 
geospatial exploration campaign conducted at the 
Quiulacocha tailings deposit, located in the Pasco 
Department of central Peru (Figure 1). The site lies 
at over 4,300 meters above sea level in the Eastern 
Cordillera of the central Peruvian Andes, within the 
Cerro de Pasco mining district one of the most 
significant polymetallic districts in the Central 
Andes. 

 
Figure 1. Location of the Quiulacocha tailings deposit in Peru and the sampling drill holes conducted. 
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The regional geology of the Cerro de Pasco area 
is defined by a stratigraphic succession composed 
primarily of sedimentary rocks from the Pucará 
Group (Upper Triassic to Lower Jurassic 
limestones), overlain by volcanic and intrusive 
units emplaced during the late Oligocene to early 
Miocene. The magmatic-hydrothermal evolution 
of the region is associated with the intrusion of 
dacitic domes and porphyritic bodies, which led to 
the development of Cordilleran-type epithermal 
systems. 

The Cerro de Pasco deposit is classified as a 
polymetallic epithermal system genetically related 
to porphyry intrusions. Mineralization occurs in 
veins, replacement bodies, and stratiform mantos, 
and is mainly composed of pyrite, sphalerite, 
galena, and enargite. These assemblages are 
commonly enriched with silver and copper, and are 
locally associated with trace amounts of bismuth, 
arsenic, and antimony. The metallogenic zonation 
reflects a proximal-to-distal gradient relative to the 
intrusive centers, with copper-rich zones near the 
cores transitioning outward into domains enriched 
in lead, zinc, and silver (see Figure 2). 

The Quiulacocha tailings deposit hosts 
approximately 70 million tonnes of historical mine 
waste spread over an area of 115 hectares. Tailings 
were generated by the processing of ores extracted 
from both open-pit and underground operations at 
the Cerro de Pasco mine, starting in the 17th 
century. Continuous tailings deposition at 
Quiulacocha began in the early 20th century, 
initially from copper, silver, and gold extraction 
processes with reported grades of up to 10% Cu, 4 
g/t Au, and over 300 g/t Ag and later from zinc, 
lead, and silver ore bodies, with average grades of 
7.41% Zn, 2.77% Pb, and 90.33 g/t Ag. A more 
recent estimate (2012) by BO Consulting reported 
resources of approximately 2.9 Mt with average 
grades of 1.43% Zn, 0.79% Pb, 43.1 g/t Ag, and 
0.04% Cu. 

The diversity in mineralogical and geochemical 
composition within the tailings reflects the 
complex metallurgical history of the site, making it 
a relevant case study for the application of 
unsupervised clustering methods to identify 
distinct geochemical domains for both 
environmental assessment and potential 
reprocessing. 

 
Figure 2. Geological and metallogenic map of the Cerro de Pasco region, showing major stratigraphic units, fault 

systems, and types of mineralization in the principal deposits [64]. 
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3. Methodology 
3.1. Overview of the Approach 

A comparative analysis of unsupervised 
clustering methods was conducted to support the 
geochemical and geospatial characterization of 
mine tailings. Four clustering algorithms were 
implemented: Euclidean K-Means [52, 61], 
Riemannian K-Means [46, 47, 65, 66], Gaussian 
Mixture Models (GMM) [50], and Agglomerative 
Clustering [67]. All algorithms were applied to 
covariance matrix-based data representations to 
capture both the interdependence between 
geochemical variables and their spatial variability. 

The input dataset, comprising both elemental 
concentrations and spatial coordinates, underwent 
a preprocessing stage to ensure quality and 
consistency. Clustering performance was assessed 
using internal validation indices and visual 
interpretation techniques, allowing for a 
comprehensive evaluation of segmentation quality 
and robustness. 

3.2. Database Description 

The geochemical dataset was obtained from 40 
vertical drill holes distributed over the Quiulacocha 
tailings deposit in a regular grid pattern with an 
approximate spacing of 100 meters. A total of 927 
samples were collected at 1-meter intervals, 
providing high-resolution vertical coverage 
throughout the deposit. The study area spans 
approximately 589 meters in the east-west 
direction and 1,035 meters in the north-south 
direction, with drilling depths reaching up to 36 
meters. 

Table 1 presents the descriptive statistics for the 
six primary geochemical variables analyzed: silver 
(Ag), zinc (Zn), lead (Pb), copper (Cu), gold (Au), 
and iron (Fe). The dataset reveals substantial 
compositional heterogeneity, with highly skewed 
distributions and elevated kurtosis values for 
several elements indicative of heterogeneous 
geochemical processes and enrichment patterns 
within the deposit. 

Table 1. Descriptive statistics of the six main geochemical variables (Ag, Zn, Pb, Cu, Au, Fe) from 927 drill-hole 
samples collected at the Quiulacocha tailings deposit. 

Statistic Ag (g/t) Zn (%) Pb (%) Cu (%) Au (g/t) Fe (%) 
Mean 51.62 1.49 0.88 0.09 0.10 25.77 
Std. Dev. 12.63 0.67 0.47 0.07 0.16 5.60 
Variance 159.64 0.45 0.22 0.00 0.03 31.36 
Minimum 4.75 0.03 0.08 0.01 0.01 13.78 
Median 49.14 1.38 0.73 0.07 0.05 26.94 
Maximum 168.00 7.90 3.41 0.62 1.34 45.90 
IQR 11.51 0.51 0.44 0.06 0.05 4.63 
Skewness 2.88 3.48 1.86 2.43 4.68 -0.58 
Kurtosis 17.72 23.91 4.18 9.46 26.61 -0.26 

 
3.3. Data Processing 

Since the variables included in the multivariate 
analysis are expressed in different units grams per 
tonne (g/t) for Ag and Au, and percentage (%) for 
Zn, Pb, Cu, and Fe a standardization procedure was 
necessary prior to the application of distance-based 
and correlation-sensitive clustering algorithms. To 
this end, z-score normalization was applied, 
transforming each variable to have zero mean and 
unit standard deviation [68]. This step ensures that 
all variables contribute equally to the multivariate 
analysis by mitigating the influence of differences 
in scale, while preserving the relative structure 
among observations. 

To properly address the compositional nature of 
the geochemical data, two separate versions of the 
dataset were used for the clustering experiments. 
The first consisted of the raw, untransformed 
geochemical values, which maintain the original 
measurement units and facilitate interpretability. 

The second dataset was transformed using the 
centered log-ratio (CLR) method, which is 
commonly employed in compositional data 
analysis (CoDA) to eliminate spurious correlations 
and to satisfy the mathematical assumptions of 
Euclidean geometry. This dual approach enables a 
robust evaluation of clustering performance under 
both conventional and compositionally appropriate 
data structures. 

All geochemical analyses were performed by an 
accredited laboratory using standardized 
procedures for sample preparation and elemental 
quantification. Analytical accuracy and precision 
were ensured through the use of certified reference 
materials, calibration standards, and replicate 
measurements. 

3.4. Feature Representation and Feature Space 

The multivariate analysis was based on the 
combined representation of geochemical and 
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spatial variables within a feature space designed to 
capture both their individual variability and inter-
variable relationships. As an initial step, correlation 
matrices were computed to examine dependencies 
among variables and to guide a more robust 
understanding of the dataset’s underlying structure 
[69]. The correlation matrix ℝ is defined as: 

ܴ௜௝ =
)ݒ݋ܥ ௜ܺ , ௝ܺ)

௑ೕߪ௑೔ߪ

, (1) 

where ݒ݋ܥ( ௜ܺ , ௝ܺ) is the covariance between 
variables ܺ௜ and ௝ܺ, and ߪ௑೔ߪ௑ೕ  are their respective 
standard deviations. This formulation enables the 
identification of highly correlated variable groups, 
as well as potential informational redundancies that 
may influence clustering outcomes. 

For distance-based algorithms such as 
Euclidean K-Means and Agglomerative Clustering, 
the classical Euclidean distance metric was 
employed: 

,ݔ)݀ (ݕ = ඩ෍(ݔ௜ − ௜)ଶݕ

௣

௜ୀଵ

, (2) 

which is appropriate under the assumption of 
independence or low correlation among 
dimensions a condition reasonably satisfied 
following normalization. However, given the 
presence of residual correlations and the potential 
for complex geometric structure among the 
variables, the analysis was extended into feature 
spaces defined by covariance matrices. This 
motivated the use of clustering approaches that 
account for the geometry of data dispersion, such 
as Riemannian K-Means and GMM [70]. 

Covariance matrices encode the multivariate 
dispersion structure of the samples, allowing each 
cluster to be represented not as a sphere (as 
assumed in Euclidean K-Means), but as an oriented 
ellipsoid in feature space. The distance between 
two covariance matrices ܥଵ and ܥଶ in the 
Riemannian space is defined using the affine-
invariant Riemannian metric [71]: 

݀ோ(ܥଵ, (ଶܥ = ൭෍ ௜ߣଶ݃݋݈

௣

௜ୀଵ

൱

ଵ/ଶ

, (3) 

where ߣ௜ are the eigenvalues of ܥଵ
ିଵܥଶ, and ݌ is 

the number of variables. This metric is particularly 
suited for clustering contexts where the shape and 
orientation of the data dispersion carry meaningful 
information such as in complex geochemical 
environments with multiscale variability. 

3.5. Clustering Methods 

For the multivariate classification of 
geochemical and spatial data from the Quiulacocha 
tailings deposit, four unsupervised clustering 
methods were implemented: Euclidean K-Means, 
Riemannian K-Means, GMM, and Agglomerative 
Clustering [61, 72-80]. Correlation and covariance 
matrices were used as core representations to 
capture both the individual variability of the 
variables and their internal dependencies an 
essential consideration in the analysis of complex 
geochemical systems. 

The classical K-Means algorithm partitions 
observations into k groups by minimizing the 
within-cluster variance [61, 81, 82]. Formally, the 
objective function is: 

݉݅݊
{ ௜ܵ}௜ୀଵ

௞ ෍ ෍ ฮݔ௝ − ௜ฮଶߤ

௫ೕ∈ௌ೔

௞

௜ୀଵ

 (4) 

where ௜ܵ denotes the set of observations 
assigned to cluster ݅, and ߤ௜ is the centroid of that 
cluster. In this study, distances were measured 
using the standard Euclidean norm in the 
multivariate feature space. While K-Means is 
efficient and interpretable, its assumption of 
spherical clusters with similar sizes may limit its 
effectiveness in environments with anisotropic or 
heterogeneous structures, such as those found in 
mine tailings. 

To incorporate the internal dependency 
structure of the variables and leverage local 
covariance matrices, a variant of K-Means 
operating in Riemannian space was adopted [46, 
83, 84]. In this framework, each observation is 
represented by a local covariance matrix, and 
clusters are formed by minimizing Riemannian 
distances between these matrices. The objective 
function becomes:  

݉݅݊
௜ୀଵ{௜ܥ}

௞ ෍ ෍ ݀ோ
ଶ ൫ܥ௝ , ,௜൯ܥ

௫ೕ∈ௌ೔

௞

௜ୀଵ

 (5) 

where ܥ௝  is the covariance matrix is associated 
with observation ݔ௝  ݅ ௜ is the centroid of clusterܥ ,
and ݀ோ(. , . ) is a suitable Riemannian distance 
function typically the affine-invariant Riemannian 
metric. It is important to clarify that, in this 
framework, the cluster centroid ܥ௜ is not computed 
via arithmetic averaging. Instead, it corresponds to 
the Fréchet mean (also known as the Riemannian 
barycenter), which minimizes the sum of squared 
distances to all matrices within the cluster in 
Riemannian space. 
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Covariance matrices ܥ௝  were estimated locally 
using a fixed-size spatial neighborhood around 
each sample ݔ௝ , defined by its geochemical and 
spatial coordinates. Within each neighborhood, 
empirical covariance matrices were computed from 
the subset of samples falling within a predefined 
Euclidean radius, ensuring that the matrices are 
positive-definite and reflect localized structural 
variability. This local estimation strategy provides 
a more faithful representation of heterogeneity 
within the tailings deposit and enables clustering 
algorithms to exploit both local dispersion patterns 
and global geometric structure. 

In Riemannian space, the centroid ܥ௜ is not 
obtained by arithmetic averaging, but instead 
corresponds to the Fréchet mean (also called the 
Riemannian barycenter), which minimizes the sum 
of squared distances to all matrices in the cluster: 

௜ܥ = ݊݅݉ ݃ݎܽ
ܥ ∈ ௡ܲ

෍ ݀ோ
ଶ ௝ܥ) , ,(ܥ

஼ೕ∈ௌ೔

 (6) 

where ௡ܲ denotes the space of ݊ ݔ ݊ symmetric 
positive-definite matrices. This minimization is 
typically solved via an iterative gradient-based 
algorithm, as no closed-form solution exists in 
general. This definition ensures that the centroid 
respects the intrinsic geometry of the SPD 
manifold and enables the modeling of clusters with 
anisotropic and heterogeneous structures, which 
are common in tailings deposits. 

is a suitable Riemannian metric, such as the 
affine-invariant metric. This approach enables the 
modeling of clusters with differentiated and 
anisotropic internal structures, as commonly 
encountered in tailings deposits with 
heterogeneous depositional histories. 

The GMM approach models each cluster as a 
multivariate Gaussian distribution, allowing for 
flexible representations of clusters with arbitrary 
shapes [50, 85, 86]. The joint density function is 
given by:  

(ݔ)݌ = ෍ ௜ߤ | ݔ)௜ܰߨ , (௜ߑ
௞

௜ୀଵ

, (7) 

where ߨ௜  are the mixture weights (ߑ௜ߨ௜ =  ௜ߤ ,(1
is the mean vector, and ߑ௜ is the covariance matrix 
of cluster ݅. Parameter estimation is performed via 
the Expectation-Maximization (EM) algorithm, 
which maximizes the log-likelihood: 

ℒ = ෍ ݃݋݈ ൭෍ ௜ߤ|௝ݔ)௜ܰߨ , (௜ߑ
௞

௜ୀଵ

൱
௡

௝ୀଵ

 (8) 

GMM is particularly suitable in this context, as 
it allows clusters of arbitrary shapes to be modeled 
and can capture gradual transitions between 
different geochemical domains within the deposit. 

Agglomerative (or hierarchical) clustering 
builds a dendrogram by successively merging the 
most similar pairs of clusters based on a predefined 
linkage criterion [59, 60, 67]. In this study, Ward’s 
linkage criterion was used, which minimizes the 
increase in intra-cluster variance after each merge: 

஺஻ܧ߂ =
݊஺݊஻

݊஺ + ݊஻
஺ߤ‖ −  ஻‖ଶ (9)ߤ

where ݊ ஺ and ݊ ஻ are the cardinalities of clusters 
A and B, and ߤ஺, ஻ߤ  are their respective centroids. 
This method is particularly suitable for revealing 
hierarchical relationships and multi-scale 
structures in multivariate data. 

3.6. Validation and Comparison of Methods 

To objectively assess the quality of the 
clusterings produced by the different algorithms, 
three complementary internal validation metrics 
were employed: the Silhouette Index (SI), the 
Davies–Bouldin Index (DBI), and the Calinski–
Harabasz Index (CHI). These metrics quantify two 
key aspects of clustering performance intra-cluster 
cohesion and inter-cluster separation which are 
critical for the multivariate geochemical and spatial 
characterization of tailings deposits. 

The SI evaluates clustering quality at the level 
of individual observations by integrating cohesion 
(the proximity of a point to others in the same 
cluster) and separation (its distance from the 
nearest neighboring cluster) [79, 87, 88]. The 
silhouette score ݏ(݅) for each observation ݅ is 
computed as: 

(݅)ݏ =
ܾ(݅) − ܽ(݅)

,(݅)ܽ}ݔܽ݉ ܾ(݅)}, (10) 

where ܽ(݅) is the average distance between ݅ 
and other points in its own cluster, and ܾ(݅) is the 
average distance between ݅  and points in the nearest 
neighboring cluster. The value of ݏ(݅) ranges from 
-1 to 1; values close to 1 indicate well-defined 
clusters, while values near 0 or negative suggest 
overlap or misclassification. In the geochemical 
context, the SI provides a useful validation that 
geochemical and spatial populations are coherently 
separated an essential aspect for identifying zones 
with distinct compositional characteristics. 

The Global Silhouette Index (GSI) is then 
computed as the mean of all individual silhouette 
scores across the dataset: 



Cotrina-Teatino et al. Journal of Mining & Environment, Vol. 17, No. 3, 2026 

 

808 

ܫܵܩ =
1
݊

෍ ,(݅)ݏ
௡

௜ୀଵ

 (11) 

where ݊ is the total number of observations. In 
the context of geochemical clustering, the GSI 
serves as a global measure of how coherently the 
samples are grouped in terms of both 
compositional and spatial similarity. It is 
particularly useful for comparing the quality of 
different clustering solutions or determining the 
optimal number of clusters. 

The DBI offers a global evaluation of clustering 
quality by measuring both cluster compactness and 
separation [76]. For a clustering solution with k 
clusters, it is defined as: 

ܫܤܦ =
1
݇

෍
ݔܽ݉
݆ ≠ ݅ ቆ

௜ݏ + ௝ݏ

݀௜௝
ቇ

௞

௜ୀଵ

, (12) 

where ݏ௜ is the average intra-cluster distance for 
cluster ݅ (compactness), and  ݀௜௝ is the distance 
between the centroids of clusters ݅ and ݆ 
(separation). Lower DBI values indicate better-
defined clusterings. In the context of tailings 
deposits, DBI helps validate whether the groupings 
correspond to well-differentiated geochemical and 
spatial domains, minimizing overlap between 
populations. 

The CHI, also known as the variance ratio 
criterion, quantifies the ratio of between-cluster 
dispersion to within-cluster dispersion [89]. It is 
calculated as:  

ܫܪܥ =
݇)/(௞ܤ)ݎܶ − 1)
)ݎܶ ௞ܹ)/(݊ − ݇)

, (13) 

where ܶݎ(ܤ௞) is the trace of the between-
cluster dispersion matrix, ܶ )ݎ ௞ܹ) is the trace of the 
within-cluster dispersion matrix, ݇  is the number of 
clusters, and ݊ is the total number of observations. 
Higher CHI values indicate compact and well-
separated clusterings. In multivariate geochemical 
analysis, this metric is particularly useful for 
optimizing clustering algorithm configurations and 
for selecting the appropriate number of clusters to 
reflect the true underlying structure of the data. 

4. Results and discussion 

Before applying multivariate clustering 
algorithms, a comprehensive exploratory analysis 
was carried out on the geochemical and spatial 
dataset from the Quiulacocha tailings deposit. This 

step aimed to uncover preliminary trends, 
correlations, and spatial patterns to better 
understand the internal structure and compositional 
variability of the system. 

4.1. Multivariate Exploratory Analysis 

Three-dimensional concentration maps (Figure 
3) reveal pronounced spatial heterogeneity across 
the deposit. A clear vertical stratification is 
observed for Cu and Au, with elevated 
concentrations concentrated in the deeper horizons 
of the tailings. This trend is consistent with the 
initial deposition phases, which were likely 
dominated by residues from the processing of high-
sulfidation epithermal ores, particularly enargite- 
and chalcopyrite-rich sulfide assemblages [9]. 
These early metallurgical residues are known to 
retain substantial amounts of Cu and Au, especially 
in unoxidized or poorly leached zones. In contrast, 
Zn and in Fe display more laterally variable 
distributions, with less pronounced vertical 
zonation. These patterns may be linked to 
polymetallic sulfide residues, especially from 
sphalerite- and galena-dominant ore bodies, which 
were more commonly processed in later mining 
phases. The relatively homogeneous distribution of 
Fe may reflect its occurrence in both primary 
sulfides (e.g., pyrite) and secondary iron oxides 
formed during tailings oxidation and weathering 
[4]. Ag and Pb exhibit more irregular and patchy 
distributions, with localized enrichment zones. 
These patterns suggest potential superposition of 
multiple mineralization styles, including secondary 
enrichment processes or selective deposition from 
heterogeneous metallurgical feeds, as has been 
observed in other polymetallic tailings contexts [1]. 

Bivariate scatter plots (Figure 4) provide 
insights into inter-element relationships. Notable 
positive correlations are observed between Zn and 
Pb, as well as Zn and Fe, consistent with the known 
paragenesis of sphalerite-galena and iron-bearing 
sulfides [41, 48]. Meanwhile, the relationship 
between Cu and Au is characterized by low 
background levels for most samples, but with a 
subset of data showing co-enrichment, which 
supports the hypothesis of a Cu–Au-rich sulfide 
domain derived from high-sulfidation epithermal 
systems [3, 54]. These geochemical associations 
highlight the heterogeneous nature of the deposit, 
suggesting the coexistence of distinct metallogenic 
contributions preserved in the tailings. 
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Figure 3. Three-dimensional spatial distribution of eight geochemical variables (Cu, Ag, Au, Fe, Zn, Pb) in the 

Quiulacocha tailings deposit. The plots show both vertical (elevation) and horizontal (East and North) 
distributions of elemental concentrations. 

The bivariate density plots of normalized data 
(Figure 5) allow a more detailed examination of 
distribution patterns. Variables such as Ag, Cu, and 
Au exhibit strong positive skewness, indicating the 
presence of minor subpopulations with 
anomalously high values. Meanwhile, strong 
density clusters in the Zn–Pb and Zn–Ag spaces 
suggest the presence of at least two major 
geochemical groupings likely reflecting residues 
from the processing of (i) Cu–Au-rich high-
sulfidation ores, and (ii) Zn–Pb–Ag polymetallic 
ores. The dispersion of Fe in these plots is more 

widespread and poorly correlated with other 
metals, reflecting its dual presence as both a matrix 
component and a product of secondary processes 
such as oxidation. Altogether, the exploratory 
analysis confirms that the Quiulacocha tailings 
deposit exhibits high spatial and compositional 
complexity, shaped by the sequential deposition of 
tailings derived from multiple ore types. These 
insights strongly justify the application of 
multivariate clustering to objectively delineate 
geochemically distinct domains within the deposit. 



Cotrina-Teatino et al. Journal of Mining & Environment, Vol. 17, No. 3, 2026 

 

810 

 
Figure 4. Bivariate visualization of geochemical data from the Quiulacocha tailings deposit. Combinations of Fe, 

Zn, Pb and Cu are plotted on the axes, with color coding for Cu and marker size proportional to Au content. 

4.2. Multivariate Clustering (Raw data) 

The multivariate clustering algorithms were 
applied to the geochemical and spatial dataset from 
the Quiulacocha tailings deposit with the aim of 
identifying latent compositional structures and 
delineating distinct mineralized domains within the 
deposit. The classification was performed using 
four algorithms: Euclidean K-Means, Riemannian 
K-Means, GMM, and Agglomerative Clustering. 
The optimal number of clusters, k = 3, was selected 
based on the joint evaluation of three internal 
validation metrics: the SI, the CHI, and the DBI, 
which are widely used in spatial geochemical 
analysis to quantify intra-cluster cohesion and 
inter-cluster separation [48, 49]. The resulting 
segmentation, shown in Figure 6, reveals consistent 
spatial patterns across the algorithms. 

The three clusters obtained correspond to 
geochemically and mineralogically distinct zones 
within the deposit, reflecting different 
mineralization styles and processing histories. 
Cluster 1, predominantly found at intermediate 

elevations, is characterized by elevated 
concentrations of Zn, Pb, and Ag, suggesting its 
association with the residues of polymetallic 
sulfide ore processing, particularly those 
containing sphalerite (ZnS), galena (PbS), and 
argentiferous tetrahedrite (Cu12Sb4S13). This 
mineral assemblage is consistent with the 
exploitation of carbonate-hosted Pb–Zn–Ag 
mineralization that typifies the later stages of 
mining at Quiulacocha [9]. 

In contrast, Cluster 2 dominates the uppermost 
portions of the tailings and exhibits high Fe 
contents with low trace element concentrations, 
indicating a relatively homogeneous and oxidized 
domain. This geochemical signature likely 
corresponds to a weathered residual matrix formed 
by post-depositional leaching of sulfides and 
subsequent iron oxide precipitation (e.g., goethite, 
hematite), a process commonly observed in 
exposed tailings under oxidizing conditions [4]. 
The geochemical homogeneity and low metallic 
content of this cluster support its interpretation as a 
leached cap over the more metal-rich zones below. 
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Figure 5. Bivariate density plots for the normalized geochemical variables from the Quiulacocha tailings deposit. 
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Figure 6. Multivariate classification of the Quiulacocha tailings deposit into 3 clusters: (a) Euclidean K-Means, 

(b) Riemannian K-Means, (c) Gaussian Mixture Model, (d) Agglomerative Clustering. 

Finally, Cluster 3, concentrated in the deepest 
sections of the deposit, displays enrichment in Cu 
and Au, which are strongly indicative of tailings 
derived from the processing of high-sulfidation 
epithermal mineralization. These early deposition 
phases were characterized by the flotation of 
minerals such as enargite (Cu3AsS4), pyrite (FeS2), 
and minor chalcopyrite (CuFeS2), yielding residues 
with high Cu–Au content. This is consistent with 
historical records indicating that the initial phases 
of mining at Quiulacocha targeted Cu–Au-rich ores 
[9]. The vertical zonation of clusters thus reflects 
the metallurgical sequence and mineralization 
types historically processed at the site. 

The validity of the ݇ =  3 configuration is 
quantitatively supported by the internal validation 
metrics summarized in Table 2. For the 
Riemannian K-Means algorithm, the SI reaches 
0.58, the CHI 1129.88, and the DBI a local 
minimum of 0.56. Similarly, Euclidean K-Means 
achieves a Silhouette Score of 0.53 and a CHI of 
890.79 at ݇ =  3. Although GMM and 
Agglomerative Clustering yield lower silhouette 
values (0.33 and 0.41, respectively), they still 
provide consistent spatial patterns. The 
convergence of all three metrics around ݇ =  3 
suggests a robust clustering solution that balances 
cohesion, separation, and geochemical 
interpretability. 
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Table 2. Internal validation metrics (Silhouette, Calinski-Harabasz, Davies-Bouldin) for different clustering 
configurations (࢑ = 2 to 7) and methods applied in the multivariate classification of the Quiulacocha tailings 

deposit. 
Metric/k 2 3 4 5 6 7 

Euclidean K-Means 
Silhouette Score 0.51 0.53 0.58 0.66 0.69 0.74 
Calinski-Harabasz 856.76 890.79 963.74 1,193.14 1,687.04 2,689.77 
Davies-Bouldin 0.85 0.86 0.69 0.57 0.45 0.35 

Riemannian K-Means 
Silhouette Score 0.56 0.58 0.46 0.51 0.65 0.60 
Calinski-Harabasz 1354.61 1129.88 931.72 973.68 2504.34 2731.22 
Davies-Bouldin 0.66 0.56 0.87 0.68 0.45 0.45 

GMM 
Silhouette Score 0.38 0.33 0.39 0.44 0.54 0.54 
Calinski-Harabasz 435.15 359.90 346.25 532.49 774.92 720.58 
Davies-Bouldin 1.24 1.25 1.20 0.77 0.65 0.58 

Agglomerative Clustering 
Silhouette Score 0.38 0.41 0.42 0.48 0.56 0.62 
Calinski-Harabasz 435.15 454.54 483.81 578.99 759.07 992.84 
Davies-Bouldin 1.24 0.85 0.92 0.82 0.61 0.50 

 
Additionally, a sensitivity analysis of the 

Riemannian K-Means algorithm (Table 3) 
highlights the importance of the “radius” parameter 
used in covariance estimation. At small radii (300–
400 m), clusters are less cohesive (DBI > 1.0) and 
more overlapping. Optimal performance is reached 

between 700 and 900 m, where Silhouette scores 
increase (up to 0.88) and DBI values drop (to 0.36), 
indicating compact and well-separated clusters. 
However, at larger radii, the number of validated 
points decreases, suggesting a trade-off between 
spatial resolution and cluster interpretability. 

Table 3. Sensitivity analysis of the “radius” parameter in Riemannian K-Means classification. 
Radius N° validate points Silhouette Score Calinski-Harabasz Davies-Bouldin 

300 927.00 0.54 983.80 0.69 
400 0.48 544.09 1.14 
500 0.58 1129.88 0.56 
600 0.55 1914.66 0.79 
700 0.60 2236.18 0.59 
800 0.61 1241.16 0.45 
900 0.88 5262.51 0.36 

1000 0.94 1345.62 0.12 
 
4.3. Multivariate Clustering (CLR-transformed 
data) 

The clustering analysis was also performed 
using the geochemical dataset transformed via the 
CLR method, which is particularly suitable for 
addressing the compositional nature of 
geochemical data. Figure 7 displays the spatial 
distribution of the resulting clusters using k = 3, 
which was again selected as the optimal number of 
groups based on the internal validation metrics and 
the interpretability of the segmentation.  

As observed in the clustering with raw data, the 
CLR-transformed analysis also produces a clear 
vertical geochemical stratification within the 
Quiulacocha tailings deposit, reinforcing the 
robustness of the clustering structure. Cluster 1 
(red) occupies intermediate levels of the deposit 
and is characterized by high concentrations of Cu 
(~0.6%) and Au (~1.2 g/t). These values are 

consistent with the deeper portions of the deposit, 
suggesting that Cluster 1 captures domains 
enriched in Cu–Au-bearing sulfide minerals, likely 
related to early stages of mining activities targeting 
high-sulfidation epithermal mineralization [9]. 
Cluster 2 (blue) dominates the upper sections of the 
deposit and presents relatively high Fe contents 
(15–45%) with low concentrations of trace metals, 
such as Zn, Pb, Ag, and Cu. This geochemical 
signature suggests that Cluster 2 corresponds to a 
homogeneous, oxidized zone likely the result of 
post-depositional processes such as sulfide 
leaching and iron oxide precipitation. These 
conditions are characteristic of exposed tailings 
under prolonged weathering, which leads to the 
formation of an iron-rich residual matrix [4]. In 
contrast, Cluster 3 (green) is predominantly located 
at the deepest levels of the deposit and exhibits high 
concentrations of Zn (up to ~7%), Pb (up to ~3%), 
and Ag (>120 g/t). This composition aligns with the 
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presence of polymetallic mineralization residues, 
including sphalerite (ZnS), galena (PbS), and 
argentiferous sulfosalts, suggesting that this cluster 
represents the Pb–Zn–Ag-rich mineralized 
domains processed during the later phases of the 
mine's production history. 

The CLR-based clustering effectively 
delineates three mineralization zones within the 

tailings: a Cu–Au-rich sulfide domain (Cluster 1), 
an Fe-rich, weathered oxidized cap (Cluster 2), and 
a Zn–Pb–Ag polymetallic zone (Cluster 3). This 
segmentation not only confirms the geochemical 
zoning suggested by the raw data analysis but also 
reinforces the mineralogical interpretation of the 
deposit’s depositional sequence and metallurgical 
history. 

 
Figure 7. Multivariate classification of the Quiulacocha tailings deposit into three clusters using data 

transformed with centered log-ratio (CLR): (a) Euclidean K-Means, (b) Riemannian K-Means, (c) Gaussian 
Mixture Model, (d) Agglomerative Clustering. 

Regarding clustering performance, the internal 
validation metrics (Table 4) highlight some 
differences between algorithms. The Silhouette 
scores tend to be lower than those obtained with 
raw data, ranging from 0.30 to 0.34 for Euclidean 
and Riemannian K-Means at ݇ =  3, indicating 
reduced cluster cohesion. However, GMM and 
Agglomerative Clustering show slightly better 
results, with Silhouette scores of 0.43 and 0.40, 
respectively, and Davies-Bouldin indices around 
1.0, suggesting moderate inter-cluster separation.  

The CHI shows a consistent increase with 
increasing k, particularly for GMM, which reaches 
1527.82 at ݇ =  7, and for Agglomerative 
Clustering, which reaches 1523.57. Among all 
methods, Agglomerative Clustering exhibits the 
highest stability and interpretability, achieving a 
Silhouette score of 0.63 and a DBI of 0.48 at k = 7. 
This suggests that hierarchical methods may be 
better suited for compositional data under the CLR 
framework, as they are capable of capturing nested 
and irregular geochemical structures. 
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Table 4. Internal validation metrics (Silhouette, Calinski-Harabasz, Davies-Bouldin) for different clustering 
configurations (࢑ = 2 to 7) and methods applied in the multivariate classification of the Quiulacocha tailings 

deposit using CLR-transformed data. 
Metric/k 2 3 4 5 6 7 

Euclidean K-Means (CLR-transformed data) 
Silhouette Score 0.40 0.30 0.30 0.30 0.31 0.26 
Calinski-Harabasz 577.09 489.48 471.07 452.70 451.93 431.04 
Davies-Bouldin 1.02 1.19 1.03 1.05 0.98 1.09 

Riemannian K-Means (CLR-transformed data) 
Silhouette Score 0.44 0.34 0.49 0.38 0.38 0.45 
Calinski-Harabasz 745.96 421.60 677.99 538.94 360.29 617.08 
Davies-Bouldin 0.92 0.96 0.80 0.80 1.14 0.79 

GMM (CLR-transformed data) 
Silhouette Score 0.38 0.43 0.41 0.46 0.54 0.60 
Calinski-Harabasz 486.20 575.92 500.78 631.03 1169.61 1527.82 
Davies-Bouldin 1.15 1.01 1.09 0.71 0.60 0.57 

Agglomerative Clustering (CLR-transformed data) 
Silhouette Score 0.45 0.40 0.44 0.53 0.58 0.63 
Calinski-Harabasz 541.99 557.22 753.86 924.52 1191.02 1523.57 
Davies-Bouldin 0.97 0.98 0.73 0.62 0.56 0.48 

 
4.4. Validation and performance analysis 

Figure 8 displays the silhouette coefficient 
distributions for the clustering results with ݇ = 3 
using the raw geochemical and spatial data. Among 
the evaluated algorithms, Riemannian K-Means 
exhibits the highest mean silhouette score (0.58), 
followed closely by Euclidean K-Means (0.53). 
These results indicate well-separated and internally 
cohesive clusters, with the majority of samples 
showing silhouette values above 0.4. In contrast, 
the Gaussian Mixture Model (GMM) and 
Agglomerative Clustering exhibit lower average 
silhouette values of 0.33 and 0.41, respectively, 
suggesting less compact groupings and more 
overlapping boundaries. However, even these 
lower-performing models reveal discernible 
geochemical domains, which adds value when 
analyzing systems with complex mineralization 
such as polymetallic tailings. 

The convergence of the three internal validation 
metrics Silhouette, Calinski-Harabasz, and Davies-
Bouldin around ݇ = 3, supports this configuration 
as the most robust. It effectively balances cohesion 
and separation, avoids overfitting, and provides a 
meaningful segmentation of the deposit that aligns 
with known metallogenic structures. These 
findings are consistent with recent studies 

emphasizing the importance of integrated 
validation in multivariate geochemical modeling of 
mine tailings and other spatially heterogeneous 
systems [53, 54, 70]. 

Figure 9 presents the silhouette profiles for the 
same clustering configuration (݇ = 3) using CLR-
transformed data. In general, silhouette values are 
lower compared to those from raw data, with 
average scores of 0.30 for Euclidean K-Means and 
0.47 for Riemannian K-Means, indicating reduced 
intra-cluster cohesion. The GMM shows slightly 
improved performance with a mean of 0.43, while 
Agglomerative Clustering achieves 0.40, reflecting 
moderate separation. This reduction in silhouette 
scores is attributed to the CLR transformation, 
which, while mitigating scale-related biases, also 
tends to compress variance structure, reducing the 
contrast between clusters. Nonetheless, 
Riemannian K-Means and Agglomerative 
Clustering retain better performance under CLR 
transformation, especially in terms of 
interpretability and alignment with geologically 
meaningful mineralization zones. These methods 
appear more robust to transformations and better 
suited for identifying domains with compositional 
complexity, such as those present in tailings 
deposits with mixed mineralogical origins. 
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Figure 8. Silhouette coefficient distribution for the ࢑=3 clustering solution. (a) Euclidean, (b) Riemannian, (c) 

GMM, (d) Agglomerative Clustering.  

 
Figure 9. Silhouette coefficient distribution for the  ࢑=3 clustering solution using CLR-transformed data: (a) 

Euclidian, (b) Riemannian, (c) GMM, (d) Agglomerative Clustering. 

4.5. Geochemical characterization of clustering 

The visualization of classified samples in 
bivariate and three-dimensional geochemical 
spaces (Zn–Pb, Zn–Pb–Fe), with Cu included as an 
additional variable, is presented in Figure 10. 
Across the four algorithms, the segmentation 

patterns consistently reflect the inherent 
compositional heterogeneity of the deposit, in 
agreement with previous studies of polymetallic 
tailings [1]. Figure 11 shows the corresponding 
results with CLR-transformed data, which 
generally reproduce the same domains but with 
weaker separation, particularly between Clusters 1 
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and 2. This overlap highlights the tendency of CLR 
to compress variance structures, which complicates 
the identification of distinct mineralized domains. 
For this reason, the final geochemical 
interpretation relies primarily on the clustering 
results obtained from raw data. 

The combined analysis of Table 5 confirms the 
presence of three well-differentiated compositional 
domains, robust across clustering algorithms 
despite some numerical variations. Cluster 1 is 
consistently enriched in Cu (≈0.08–0.11%) and Au 
(≈0.13–0.18 g/t), while showing intermediate 
levels of Ag (≈49–53 g/t), Zn (≈1.46–1.58%), and 
Pb (≈0.74–0.81%), together with the lowest Fe 
contents (≈18–26%). This signature corresponds to 
Cu–Au–rich domains, reflecting the earliest 
tailings deposition derived from the processing of 
chalcopyrite- and gold-bearing sulfides [9]. Cluster 
2 systematically records the highest Pb grades 
(≈1.00–1.10%), intermediate Zn (≈1.39–1.40%) 
and Ag (≈49–50 g/t), and relatively stable Fe 
contents (≈24–27%), while Cu and Au remain low 
(≈0.10% and ≈0.06–0.09 g/t). This composition is 
consistent with Pb–Zn–Ag–rich domains, 
associated with intermediate processing phases of 
galena–sphalerite ore bodies at Cerro de Pasco 
[41], and further stabilized by surface oxidation 
processes that preserved Fe as secondary oxides [4, 
5]. Cluster 3 stands out for its highest Zn (≈1.67–
1.87%) and Ag (≈55–62 g/t) contents, accompanied 
by high Fe (≈30–32%) and relatively low Cu 
(≈0.05–0.08%) and Au (≈0.04–0.08 g/t). This 
geochemical profile corresponds to Zn–Ag–Fe–
rich domains, reflecting later processing of 
sphalerite-rich ores and possible remobilization of 
Fe-bearing phases during post-depositional 
processes [3, 7].  

Although minor variations exist across 
algorithms, the relative structure of these three 
geochemical domains is stable, confirming the 
robustness of the clustering. Agglomerative 
Clustering shows the strongest selectivity, isolating 
a small but distinct subgroup in Cluster 3 (only 16 
samples) with extreme Zn–Ag–Fe enrichment, 
whereas partitioning methods such as K-Means 
distribute samples more evenly. This consistency 
across methods indicates that clustering not only 
reproduces compositional variability but also 
reflects metallogenic zoning inherited from the 
original mineralized system. 

4.6. Distribution analysis (Q-Q plots) 

The analysis of distribution patterns within 
clusters is further refined through Q–Q plots of Ag, 
Cu, and Au, presented in Figure 12. These metals 
were selected due to their economic relevance and 
their strong discriminative capacity across clusters. 
For Ag, Clusters 2 and 3 display distributions 
shifted toward higher values, with Cluster 3 
showing more pronounced heavy tails, consistent 
with its association with Zn–Ag–enriched residues. 
For Cu and Au, Cluster 1 dominates the upper tails 
of the distributions, reflecting its link with early 
Cu–Au sulfide processing phases. These trends are 
consistent across Euclidean K-Means, Riemannian 
K-Means, GMM, and Agglomerative Clustering, 
reinforcing the robustness of the multivariate 
clustering approach in capturing geochemically 
meaningful patterns in polymetallic tailings. 
Notably, the hierarchical method identified a very 
small population of samples with extreme 
compositions, underscoring its selectivity in 
isolating rare but geochemically significant 
domains. 
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Figure 10. Visualization of classified samples in geochemical feature space. (a) Euclidean K-Means, (b) 

Riemannian K-Means, (c) GMM, (d) Agglomerative Clustering. 
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Figure 11. Visualization of classified samples in geochemical feature space using CLR-transformed data: (a) 

Euclidean K-Means, (b) Riemannian K-Means, (c) GMM, (d) Agglomerative Clustering. 
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Table 5. Mean grades of the clusters obtained with different clustering methods. 
Method / Cluster Count Ag (g/t) Zn (%) Pb (%) Cu (%) Au (g/t) Fe (%) 

Euclidean K-Means  
1 408 49.21 1.46 0.80 0.10 0.14 22.64 
2 300 50.56 1.39 1.10 0.10 0.06 26.31 
3 219 57.55 1.67 0.75 0.07 0.08 30.83 

Riemannian K-Means  
1 456 52.02 1.52 0.76 0.09 0.13 24.10 
2 403 49.40 1.39 1.04 0.10 0.07 26.56 
3 68 62.08 1.87 0.79 0.07 0.07 32.21 

GMM  
1 213 50.90 1.54 0.81 0.11 0.18 18.00 
2 403 49.40 1.39 1.04 0.10 0.07 26.56 
3 311 54.99 1.59 0.72 0.08 0.08 30.05 

Agglomerative Clustering  
1 401 53.44 1.58 0.74 0.08 0.11 26.81 
2 510 49.97 1.40 1.00 0.10 0.09 24.75 
3 16 58.67 1.85 0.74 0.05 0.04 32.01 

 
When applying CLR-transformed data (Figure 

13), the separation among clusters becomes less 
distinct. In the case of Ag, there is a strong overlap 
between Clusters 2 and 3, which limits the capacity 
to clearly isolate Zn–Ag–enriched domains. 
Similarly, for Cu and Au, the dominance of Cluster 
1 in the upper tails is less evident, suggesting that 
the CLR transformation, while effective in 
reducing skewness and mitigating the effect of 
extreme values, also attenuates natural contrasts 
that are critical for geochemical discrimination. 
Consequently, although CLR provides statistical 
homogenization, clustering results based on raw 
data preserve more interpretable and geologically 
consistent patterns, particularly for economically 
relevant metals. 

4.7. Consistency Across Clustering Methods 

The consistency of the clustering solutions was 
evaluated using the Adjusted Rand Index (ARI), 
which quantifies the degree of similarity between 
two partitions while correcting for chance 
agreement. Figure 14 presents the ARI matrix for 
the raw data, showing that Riemannian K-Means 
and Agglomerative Clustering achieve perfect 
agreement (ARI = 1.00). This result indicates that 
both methods capture essentially the same latent 
structure in the dataset, which is consistent with 
their shared ability to incorporate covariance 
matrices and thus model inter-variable 
dependencies [46]. A relatively high agreement is 
also observed between Riemannian K-Means and 
GMM (ARI = 0.5759), suggesting that both 
approaches identify similar geochemical domains, 

although GMM introduces greater flexibility by 
accounting for probabilistic assignments rather 
than deterministic partitions. In contrast, Euclidean 
K-Means exhibits only moderate to low 
consistency with the other methods (ARI ≈ 0.17–
0.44), reflecting its reliance on Euclidean distances 
in the standardized feature space, which tends to 
overlook correlation structures that are 
fundamental in multivariate geochemical systems 
[47, 60]. These results highlight that methods 
explicitly accounting for data dispersion geometry 
and covariance-based dependencies are more 
robust for delineating mineralized zones within 
tailings deposits characterized by high 
compositional heterogeneity. 

When considering the CLR-transformed dataset 
(Figure 15), the consistency patterns shift. Once 
again, Riemannian K-Means and Agglomerative 
Clustering display perfect agreement (ARI = 1.00), 
and both also show full agreement with GMM, 
confirming that covariance-based methods 
converge to nearly identical partitions after CLR 
transformation. However, Euclidean K-Means 
remains poorly consistent with the other 
approaches, with ARI values close to zero (0.02–
0.04). This outcome demonstrates that the CLR 
transformation does not improve the reliability of 
Euclidean K-Means relative to correlation-
sensitive algorithms. From a mineralogical 
standpoint, this reinforces that robust delineation of 
Cu–Au–rich zones and Zn–Pb–Ag–enriched 
domains requires methods capable of exploiting 
covariance structures, while purely distance-based 
methods risk oversimplifying the true geochemical 
variability of the Quiulacocha tailings. 

 



Cotrina-Teatino et al. Journal of Mining & Environment, Vol. 17, No. 3, 2026 

 

821 

 
Figure 12. Q–Q plots of geochemical variables for the obtained clusters. Cluster distributions are shown for Ag, 

Cu, and Au. (a) Euclidean K-Means, (b) Riemannian K-Means, (c) GMM, (d) Agglomerative Clustering. 
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Figure 13. Q–Q plots of geochemical variables for the obtained clusters using CLR-transformed data. Cluster 
distributions are shown for Ag, Cu, and Au. (a) Euclidean K-Means, (b) Riemannian K-Means, (c) GMM, (d) 

Agglomerative Clustering. 
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Figure 14. ARI matrix between the applied 

clustering methods. Higher values indicate greater 
consistency between the partitions produced by 

different algorithms. 

 
Figure 15. ARI matrix between the applied 

clustering methods using CLR-transformed data. 
Higher values indicate greater consistency between 

the partitions produced by different algorithms. 

5. Conclusions 

This study presents a comprehensive 
multivariate analysis of the Quiulacocha tailings 
deposit, comparing four unsupervised clustering 
algorithms Euclidean K-Means, Riemannian K-
Means, GMM, and Agglomerative Clustering 
applied to high-dimensional geochemical data. The 
clustering results consistently support a three-
domain structure (k = 3), which aligns with known 
mineralization and processing histories. In the case 
of raw geochemical data, the best-performing 
methods (Riemannian K-Means and 
Agglomerative Clustering) achieved high internal 
validation scores, with average Silhouette 
coefficients of 0.58 and 0.41, respectively, and 
Davies-Bouldin indices below 0.60 for k = 3. These 

methods also showed strong geospatial coherence 
and reproducibility, reaching an ARI of 1.00 
between them and 0.5759 when compared with 
GMM, indicating robust and stable segmentation 
of latent geochemical structures. In contrast, 
Euclidean K-Means showed lower cohesion 
(Silhouette = 0.53) and moderate ARI scores (0.17–
0.44), highlighting its limited sensitivity to the 
covariance geometry inherent to compositional 
datasets. 

Geochemical characterization of the clusters 
revealed three distinct mineralization domains. 
Cluster 1 consistently exhibited the highest 
contents of Cu (0.08–0.11%) and Au (0.13–0.18 
g/t), along with intermediate levels of Ag (49–53 
g/t), Zn (1.46–1.58%), and Pb (0.74–0.81%), and 
the lowest Fe (18–26%), indicating an association 
with Cu–Au sulfide processing residues. Cluster 2 
showed the highest Pb concentrations (1.00–
1.10%), intermediate Zn (1.39–1.40%) and Ag 
(49–50 g/t), and low Au (0.06–0.09 g/t), along with 
a relatively homogeneous Fe content (24–27%), 
reflecting domains related to Pb–Zn–Ag ores and 
oxidation-stabilized Fe phases. Cluster 3 presented 
the highest Zn (1.67–1.87%) and Ag (55–62 g/t) 
concentrations, with low Cu (0.05–0.08%) and Au 
(0.04–0.08 g/t), and the highest Fe contents (30–
32%), suggesting a link with late-stage processing 
or remobilization. While the CLR transformation 
improved the treatment of compositional 
constraints, it reduced clustering performance 
(Silhouette < 0.34, increased overlap), confirming 
that raw-data clustering yielded more 
geochemically interpretable results. 

Despite the robustness of the results, several 
limitations are recognized. The analysis focused on 
a selected suite of major and economically relevant 
elements, and did not incorporate detailed 
mineralogical or textural information. The lack of 
external validation using metallurgical or 
mineralogical data also limits the ability to directly 
confirm cluster-domain interpretations. Moreover, 
while z-score normalization and CLR 
transformation were tested, future studies should 
evaluate alternative preprocessing approaches 
(e.g., Box-Cox, ILR transformations) to improve 
cluster compactness and interpretability. The 
application of spatially explicit or deep-learning 
clustering models may further enhance resolution 
in structurally complex deposits. Future work 
should also consider time-dependent or process-
based clustering to better understand post-
depositional changes and support predictive 
modeling for resource recovery and environmental 
risk assessment. 
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 رسانی اطلاع   و  بازفرآوري  هايفرصت   شناسایی  براي  قدیمی  معدنی  هايباطله   فضایی  و  ژئوشیمیایی  توصیف
 نیازمند  چندفلزي  هايباطله   ترکیبی  بالاي  پیچیدگی  حال،  این  با.  است  ضروري  محیطیزیست   مدیریت  مورد  در

  K-Means  نظارت  بدون  بنديخوشه  الگوریتم  چهار  عملکرد  مطالعه  این.  است  قوي  متغیره  چند  رویکردهاي
  نمونه  927  روي  بر  که  را  تجمعی  بنديخوشه  و) GMM(  گاوسی  مخلوط  مدل  ریمانی،  K-Means  اقلیدسی،

  مس،   سرب،  روي،(  اصلی  عنصر  شش  از  استفاده  با  است،  شده  اعمال  پرو  در  کوئیولاکوچا  هايباطله   کانسار  از
 ژئوشیمیایی حوزه سه مداوم طور به هاروش  همه.  کندمی مقایسه و ارزیابی مکانی مختصات و)  طلا نقره، آهن،
 نقره روي، نظر  از 3 خوشه و  آهن و سرب نظر از 2  خوشه طلا، و  مس  نظر از 1  خوشه. کردند شناسایی را اصلی

  اعتبارسنجی  در)  تجمعی  بنديخوشه  و  ریمانی  K-Means(  کوواریانس  بر  مبتنی  هايروش .  بود  شده  غنی  آهن  و
 کردند  عمل بهتر هاروش  سایر از) 1.00=  شدهتعدیل  رند شاخص ( سازگاري و)  0.58  تا  سیلوئت نمرات( داخلی

  بنديخوشه  عملکرد  CLR  تبدیل .  دادند  ارائه  تريمنسجم   شناسیزمین   نظر  از  و تفسیرتر  قابل  هايپارتیشن   و
  هایافته   این.  کرد  برجسته  مکانی  بنديتقسیم   براي  را  خام  ژئوشیمیایی  واریانس  حفظ  اهمیت  و  داد  کاهش  را

 هايحوزه   کردن  مشخص  و  هاباطله  در  ترکیبی  ناهمگونی  کردن  آشکار  براي  را  متغیره  چند  بنديخوشه  اثربخشی
  بازفرآوري،  تصمیمات  از  پشتیبانی  براي  کمی   چارچوب  یک  رویکرد  این.  دهدمی   نشان  بالقوه  اقتصادي  ارزش

  .  کندمی فراهم  معدنی ضایعات گذاريارزش مورد در آینده تحقیقات هدایت  و ریسک کاهش
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